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Topological constraint languages

Topological constraint languages are formal languages for
topological descriptions of configurations of spatial regions.

The language RCC8 [Randall et al.’92], [Egenhofer and Franzosa’91]
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RCC8 is insensitive to Euclidean spaces and is NP-complete.
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Regions in Euclidean spaces

The regions in Rn are the regular-closed sets in Rn.
RC(Rn) denotes the collection of regions in Rn.
RC(Rn) forms a Boolean algebra.

A A◦−

Well-behaved regions:

RC(Rn) RCP(Rn) (polyhedra)

Polyhedra are regions definable by linear equations and inequalities.

For a topological language L and a collection of regions M,
Sat(L,M) denotes the L-formulas satisfiable by regions in M.
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Regions with infinitely many components
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Regions with infinitely many components:

There exists a Cc-formula ψ∞ with variables r0, . . . , r3,
s0, . . . , s3, t that is satisfiable in RC(Rn) but only by tuples
featuring regions with infinitely many components.
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The second dimension: undecidability
Encoding the Post Correspondence Problem
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The second dimension: undecidability
Encoding the Post Correspondence Problem

I Every solution to a PCP can be encoded by regions in
RCP(R2)

I For every PCP-instance P there exists a Cc-formula ϕP such
that the following are equivalent:

P is positive;
ϕP is satisfiable over RCP(R2);
ϕP is satisfiable over RC(R2).

I The same holds for the languages Cc◦, Bc and Bc◦.

Theorem
If L ∈ {Cc, Cc◦,Bc,Bc◦}, then the problems Sat(L,RC(R2)) and
Sat(L,RCP(R2)) are r.e.-hard.
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The third dimension

Bc◦

Theorem
The problem Sat(Bc◦,RCP(R3)) is ExpTime-complete.

Theorem
The problem Sat(Bc◦,RC(R3)) is NP-complete.

L ∈ {Cc, Cc◦,Bc}
Theorem [Kontchakov et al. 2008]

Sat(L,RC(R3)) and Sat(L,RCP(R3)) are ExpTime-hard.

Open Problems

Are Sat(L,RC(R3)) and Sat(L,RCP(R3)) decidable?
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Conclusions

Languages with Connectedness

I Sensitive to Euclidean spaces of different dimensions.
I Sensitive to tameness:

I regions with infinitely many components (Cc, Cc◦ and Bc);
I regions with pathological boundaries (Bc◦).

I Satisfiability of formulas over regions in R2 is undecidable.

I Satisfiability of Bc◦-formulas over regions in R3 is decidable.

I Satisfiability of {Cc, Cc◦,Bc}-formulas over regions in R3 is
ExpTime-hard.

Open Problems

I Determine if the satisfiability of {Cc, Cc◦,Bc}-formulas in R3

is decidable?

I Identify decidable fragments of the languages with
connectedness.
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