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® http://www.cs.
m http://moodle.

m http://www.cs
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Literature
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Surveys [52], [2], [37]
Articles [39], [40], [6], [67], [60], [51], [38], etc.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 4 /363



Objective

Answer Set Programming
Historic Roots

Problem Solving

Applications

Torsten Schaub (KRRQUP) Answer Set Programming

Motivation
Overview

July 4, 2011

5 /363



Objective

Goal: Declarative problem solving
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instead of

“How to solve the problem?”
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Objective

Goal: Declarative problem solving (ctd)
m Wanted:

m An approach for modelling and solving “typical” problems in intelligent
systems design
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Objective

Goal: Declarative problem solving (ctd)
m Wanted:

m An approach for modelling and solving “typical” problems in intelligent
systems design
m Desiderata:

m Expressive power
m Ease of modelling

B intuitive semantics
B concise and transparent encodings
® modular programming

m Performance
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Answer Set Programming

Proposal: Answer set programming (ASP)

has its roots in
(logic-based) knowledge representation and reasoning
(deductive) databases
constraint solving (in particular, SAT solving)
logic programming (with negation)
allows for solving all search problems within NP (and NPNP)
(over finite domains; otherwise Turing-complete)
allows for using powerful off-the-shelf systems
(nowadays capable of dealing with millions of variables)

ASP = KR + DB + Search
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Answer Set Programming

Proposal: Answer set programming (ASP)

m has its roots in

(logic-based) knowledge representation and reasoning
(deductive) databases

constraint solving (in particular, SAT solving)

logic programming (with negation)

m allows for solving all search problems within NP (and NPNP)
(over finite domains; otherwise Turing-complete)

m allows for using powerful off-the-shelf systems
(nowadays capable of dealing with millions of variables)

Take Home Lesson

ASP = KR + DB + Search
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Historic Roots

Root: Logic Programming with negation

m Algorithm = Logic + Control [48]
m Logic as a programming language

-

Prolog (Colmerauer, Kowalski)

m Features of Prolog

Declarative (relational) programming language

Based on SLD(NF) Resolution

Top-down query evaluation

Terms as data structures

Parameter passing by unification

Solutions are extracted from instantiations of variables
occurring in the query
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Historic Roots

Prolog: Programming in logic
[58]

Prolog is great, it's almost declarative!
To see this, consider

above (X,Y)
above (X,Y)

on(X,Y).
on(X,Z) ,above(Z,Y).

and compare it to

above(X,Y) :- above(Z,Y),on(X,Z).
above (X,Y) on(X,Y).

An interpretation in classical logic amounts to

Vxy(on(x,y) V 3z(on(x, z) A above(z,y)) — above(x,y))
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Historic Roots

Prolog (ctd)

Prolog offers negation as failure via operator not.

For instance,

info(a) .
ask(X) :- not info(X).

cannot be captured by
info(a) A\ Vx(—info(x) — ask(x))
but by appeal to Clark’s completion [11] by

Vx(x = a <> info(x)) A Vx(—info(x) <> ask(x))
<= info(a) A\ Vx(x # a <> ask(x))
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Historic Roots

Prolog (ctd)

Clark’s completion is sometimes too syntactical.
Consider

mp :-p.
yielding p <> p having models () and {p}

mp:-9g. q :-p.
yielding p <+ g having models () and {p, q}
Ep:-p. q :- not p.
yielding (p <> p) A (g <> —p) having models {g} and {p}
Or even more complex yet analogous situations.
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Historic Roots

Model-based Problem Solving

Common approach (e.g. Prolog)

Provide a specification of the problem.
A solution is given by a derivation of an appropriate

query.
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Historic Roots

Model-based Problem Solving

Common approach (e.g. Prolog)
Provide a specification of the problem.
A solution is given by a derivation of an appropriate
query.
Model-based approach (e.g. ASP)

Provide a specification of the problem.
A solution is given by a model of the specification.
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Historic Roots

Model-based Problem Solving

Common approach (e.g. Prolog)

Provide a specification of the problem.
A solution is given by a derivation of an appropriate
query.
Model-based approach (e.g. ASP)

Provide a specification of the problem.
A solution is given by a model of the specification.

Automated planning, Kautz and Selman [46]

Represent planning problems as propositional theories so that models not
proofs describe solutions (e.g. Satplan)
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Problem Solving

Model-based Problem Solving

Specification

Associated Structures

constraint satisfaction problem
propositional horn theories
propositional theories
propositional theories
propositional theories
propositional programs
propositional programs
propositional programs
first-order theories

default theories

assignment
smallest model
models

minimal models
stable models
minimal models
supported models
stable models
models
extensions
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Problem Solving

ASP as High-level Language

m Basic ldea:

m Encode problem (class+instance) as a set of rules
m Read off solutions from answer sets of the rules
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Problem Solving

ASP as High-level Language

m Basic ldea:

m Encode problem (class+instance) as a set of rules
m Read off solutions from answer sets of the rules

Problem Solution(s)
Modelling Interpretation
Logic program Answer set(s)

Computation
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Problem Solving

ASP as Low-level Language

m Basic ldea:

m Compile a problem automatically into a logic program
m Solve the original problem by solving its compilation
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m Basic ldea:

m Compile a problem automatically into a logic program
m Solve the original problem by solving its compilation

Problem Solving

ASP as Low-level Language

Special
Purpose
System

Special
Purpose
Compiler
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Applications

What is ASP good for?

Combinatorial search problems
(some with substantial amount of data):

auctions information integration
bio-informatics planning and scheduling
computer-aided verification security analysis
configuration semantic web
constraint satisfaction wire-routing

diagnosis zoology and linguistics

Using ASP as a basis for a decision support system for
NASA's space shuttle [69]
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Applications

What is ASP good for?

Combinatorial search problems
(some with substantial amount of data):

information integration
planning and scheduling
security analysis
semantic web
wire-routing

zoology and linguistics

auctions

bio-informatics
computer-aided verification
configuration

constraint satisfaction
diagnosis

My favorite: Using ASP as a basis for a decision support system for
NASA's space shuttle [69]
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Applications

ASP as High-level Language

A very simple Configuration Example

1 { disk(ide), disk(scsi), disk(fw) } 2 computer(X)
keyboard(us) ; keyboard(german) computer(X)
controller(scsi) disk(scsi)
monitor(15in) not other-monitor(15in)
other-monitor(Y) monitor(X),X # Y

monitor(21in), graphics(evil)

computer(desktop)

T TTTTTT

controller(scsi)
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Applications

ASP as High-level Language

A very simple Configuration Example

1 { disk(ide), disk(scsi), disk(fw) } 2
keyboard(us) ; keyboard(german)
controller(scsi)

monitor(15in)

other-monitor(Y)

computer(desktop)

T TTTTTT

computer(X)

computer(X)

disk(scsi)

not other-monitor(15in)
monitor(X),X # Y
monitor(21in), graphics(evil)

controller(scsi)

E.g. [75] describes a Debian Linux configurator
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Applications

ASP as Low-level Language

Action description language A [40]
move(b,I) causes on(b,l)
inertial on(b,!)

is translated into

% effect of moving a block
on(B,L,T+1) :- move(B,L,T),

block(B), location(L), time(T), T < lasttime.

% inertia
on(B,L,T+1) :- on(B,L,T), not neg_on(B,L,T+1),

location(L), block(B), time(T), T < lasttime.

E.g. [43] describes pathways in metabolic networks.
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Applications

An instance of Towers of Hanoi

a b c

) | 6 ]
Init:
7 4
| 1 |2 ] [ 3 ]
peg(a;b;c). disk(1..7).
init_on(1,a).
init_on(2;7,b).
init_on(3;4;5;6,c).
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Applications

An instance of Towers of Hanoi

Init:
|
Goal:
peg(a;b;c). disk(1..7).
init_on(1,a). goal_on(3;4,a).
init_on(2;7,b). goal on(1;2;5;6;7,c).
init_on(3;4;5;6,c). moves (70) .
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Applications

An encoding of Towers of Hanoi
on(D,P,0) :— init_on(D,P).

1 {move(D,P,T) : disk(D) : peg(P)}1 :- moves(M), T = 1..M.
move(D,T) :— move(D,_,T).

on(D,P,T) :— move(D,P,T).
on(D,P,T+1) :- on(D,P,T), not move(D,T+1), not moves(T).

blocked(D-1,P,T+1) :- on(D,P,T), not moves(T).
blocked(D-1,P,T) :— blocked(D,P,T), disk(D).

move(D,P,T), blocked(D-1,P,T).

move(D,T), on(D,P,T-1), blocked(D,P,T).

not 1{on(D,P,T) } 1, disk(D), moves(M), T = 1..M.
:- goal on(D,P), not on(D,P,M), moves(M).
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Applications

An encoding of Towers of Hanoi

a b C
I [6]

1 |

blocked(D-1,P,T+1) :- on(D,P,T), not moves(T).
blocked(D-1,P,T) :— blocked(D,P,T), disk(D).
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Applications

An encoding of Towers of Hanoi

a b C

| 2

:- move(D,P,T), blocked(D-1,P,T).
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Applications

An encoding of Towers of Hanoi

:— move(D,P,T), blocked(D-1,P,T).
:— move(D,T), on(D,P,T-1), blocked(D,P,T).
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Applications

Let it run!

torsten@raz > gringo toh_instance.lp toh_encoding.lp | clasp --stats
clasp version 1.3.5

Reading from stdin

Solving. ..

Answer: 1

peg(a) peg(c) peg(b) init_on(l,a) init_on(2,b)
move(6,a,1) move(7,a,2) move(5,b,3) move(7,c,4)
move(6,b,5) move(7,b,6) move(4,a,7) move(7,a,8)
move(2,c,63) move(7,c,64) move(6,b,65) move(7,b,66)
move(5,c,67) move(7,a,68) move(6,c,69) move(7,c,70)
move(7,70) move(6,69) move(7,68) move(5,67) move(7,66)
SATISFIABLE

Models 1+
Time : 3.280s (Solving: 3.23s 1st Model: 3.23s Unsat: 0.00s)
Choices : 130907
Conflicts : 35738
Restarts : 12
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Bl Examples
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Syntax

Problem solving in ASP: Syntax

Problem Solution(s)
Modeling Interpretation
Logic Program Answer set(s)

Computation
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Syntax

Normal logic programs

m A (normal) rule, r, is an ordered pair of the form
Ao < A1, ..., Am, not Ami1,...,not Ap,

where n > m >0, and each A; (0 < i < n) is an atom.

m A (normal) logic program is a finite set of rules.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 25 / 363



Syntax

Normal logic programs

m A (normal) rule, r, is an ordered pair of the form
Ao < A1, ..., Am, not Ami1,...,not Ap,

where n > m >0, and each A; (0 < i < n) is an atom.
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m Notation
head(r) = Ao
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Syntax

Normal logic programs

m A (normal) rule, r, is an ordered pair of the form
Ao < A1, ..., Am, not Ami1,...,not Ap,

where n > m >0, and each A; (0 < i < n) is an atom.

m A (normal) logic program is a finite set of rules.

m Notation
head(r) = Ao
body(r) = {Ai,...,Am,not Ami1,...,not Ap}
body™(r) = {A1,...,Am}
body (r) = {Am+1,...,An}

m A program is called positive if body~ (r) = ) for all its rules.
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Semantics

Problem solving in ASP: Semantics

Problem Solution(s)
Modeling Interpretation
Logic Program Answer set(s)

Computation
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Semantics

Answer set: Formal Definition
Positive programs

A set of atoms X is closed under a positive program [T iff
for any r € I, head(r) € X whenever body™(r) C X.

X corresponds to a model of I (seen as a formula).

The smallest set of atoms which is closed under a positive program [1
is denoted by Cn(IT).

Cn(IM) corresponds to the C-smallest model of I (ditto).

The set Cn(IM) of atoms is the answer set of a positive program I1.
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Semantics

Some “logical” remarks

m Positive rules are also referred to as definite clauses.
m Definite clauses are disjunctions with exactly one positive atom:

AgV ALV -V DA,

m A set of definite clauses has a (unique) smallest model.
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Semantics

Some “logical” remarks

m Positive rules are also referred to as definite clauses.
m Definite clauses are disjunctions with exactly one positive atom:

AgV ALV -V DA,

m A set of definite clauses has a (unique) smallest model.
m Horn clauses are clauses with at most one positive atom.

m Every definite clause is a Horn clause but not vice versa.

m A set of Horn clauses has a smallest model or none.
m This smallest model is the intended semantics of a set of Horn

clauses.
15" Given a positive program I1, Cn(I) corresponds to the smallest model
of the set of definite clauses corresponding to [1.
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Semantics

(Rough) notational convention

We sometimes use the following notation interchangeably in order to stress

the respective view:

negation  classical
if and or asfailure negation
source code 3= , | not -
logic program | «+— | ; not [~ =
formula - AV ~/() -
Torsten Schaub (KRRQUP)

Answer Set Programming

July 4, 2011
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Semantics

Answer set: Basic idea

Consider the logical formula ® and its three
(classical) models:

® g A (gh-r—p)]

{p,a}.{q,r}, and {p,q,r}.

This formula has one answer set:

q <
{p,q} p < q, notr

Informally, a set of atoms X is an answer set of a logic program [1
if X is a (classical) model of I and
if all atoms in X are justified by some rule in Tl

(rooted in intuitionistic logics HT (Heyting, 1930) and G3 (Gddel, 1932))
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This formula has one answer set:

{p, q}

Torsten Schaub (KRRQUP) Answer Set Programming

®lqg A (qA-r—p)|

July 4, 2011

30 / 363



Semantics

Answer set: Basic idea

Consider the logical formula ¢ and its three
(classical) models:
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Semantics

Answer set: Basic idea

Consider the logical formula ¢ and its three
(classical) models:

®lqg A (qA-r—p)|

{p,a}.{q,r}, and {p,q,r}.

This formula has one answer set:

q <+
{p,q} p < q, notr

Informally, a set of atoms X is an answer set of a logic program TI1
m if X is a (classical) model of 1 and
m if all atoms in X are justified by some rule in Il

(rooted in intuitionistic logics HT (Heyting, 1930) and G3 (Gédel, 1932))
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Semantics

Answer set: Formal Definition
Normal programs [39]

The reduct, MX, of a program I relative to a set X of atoms is
defined by

NX = {head(r) < body™*(r) | r € M and body~(r) N X = 0}.

A set X of atoms is an answer set of a program [ if Cn(X) = X.
Recall: Cn(NX) is the C—smallest (classical) model of NX.

X is stable under “applying rules from 1"
Every atom in X is justified by an “applying rule from 1"
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Semantics

Answer set: Formal Definition
Normal programs [39]

m The reduct, MX, of a program I relative to a set X of atoms is
defined by

NX = {head(r) < body™(r) | r € M and body(r) N X = (}.

m A set X of atoms is an answer set of a program I if Cn(NX) = X.
Recall: Cn(MX) is the C—smallest (classical) model of MX.

Intuition: X is stable under “applying rules from 1"

Note: Every atom in X is justified by an “applying rule from 1"
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Semantics

A closer look at MX

In other words, given a set X of atoms from I1,

MX is obtained from I by deleting

each rule having a not A in its body with A € X
and then

all negative atoms of the form not A
in the bodies of the remaining rules.
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Examples

A first example

N={p <+ p, g« not p}

X nx Cn(I%)
] p — p {q}
q <
{p} p — p 0
{q} p «— p {q}
q <
{p,q} p < p 0
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Examples

A second example

M= {p <+ not q, q <+ not p}

X nx Cn(NX)
) p {p,q}
q <
{p} p {p}
{q} {q}
q <
{p,q} 0
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Examples

A third example

M= {p <« not p}

X nx Cn(NX)
0 p {p}
{p} 0
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M= {p <« not p}

Examples

A third example

X nx Cn(MX)
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Examples

Answer set: Some properties

m A program may have zero, one, or multiple answer sets!
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Examples

Answer set: Some properties

m A program may have zero, one, or multiple answer sets!

m If X is an answer set of a logic program [,
then X is a model of I (seen as a formula).

m If X and Y are answer sets of a normal program [1,
then X Z Y.
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Examples

Answer set: Alternative Definition
Let I1 be a normal program and X a set of atoms.

m The set of generating rules of X relative to I is defined by

Mx = {r € M| body*(r) € X and body (r) N X = 0}.
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Examples

Answer set: Alternative Definition
Let I1 be a normal program and X a set of atoms.
m The set of generating rules of X relative to I is defined by

Mx = {r € M| body*(r) € X and body (r) N X = 0}.

m X is an answer set of I1 iff X is a C-minimal model of M.

m Or, X is an answer set of I iff X € minc(lMx), where
minc () is the set of C-minimal models of a program T1.
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Examples

The second example revisited

M= {p <+ not q, q <+ not p}

X My “logically” ming(ﬂx)
0 p < notq pVaq {p},{q}
q < notp

{p} p < notgq pVaq {p}.{q}

{q} pVgq {p}.{q}
< not p

{p,q} T 0

Q
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Examples

The second example revisited

M= {p <« not q, g < not p}

0% Mx “logically” | minc (Mx)
0 p <« notgq pPVq {p},{q}
q < notp
{p} p <« notgq pVq {r}.{q} |V
{a} pva | {p}{a} |V
q < notp
{p.q} U 0
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Examples

A closer look at Cn

Inductive characterization

Let I1 be a positive program and X a set of atoms.

m The immediate consequence operator Tp is defined as follows:

TnX = {head(r) | r € N and body(r) C X}
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TnX = {head(r) | r € N and body(r) C X}

m lterated applications of T are written as Tﬁ for j >0,
where TSX = X and T\ X = Tn T X for i > 1.
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Examples

A closer look at Cn
Inductive characterization
Let I1 be a positive program and X a set of atoms.
m The immediate consequence operator Tp is defined as follows:

TnX = {head(r) | r € N and body(r) C X}

m lterated applications of T are written as Tﬁ for j >0,
where TSX = X and T\ X = Tn T X for i > 1.
Theorem
For any positive program I1, we have
m Cn(M) =Uiso T|£|®'
m X C Y implies TnX C TnY,
m Cn(N) is the smallest fixpoint of Tp.
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Examples

Let's iterate Tp

NM={p<+, g, r<p, s« q,t, t<r, u< v}

T30
T30
T30
T30
TA0
T30
T80

0

{p,q}
{p,q,r}
{p,q,r t}
{p,q,r t,s}
{p,q,r t, s}
{p,q,r,t,s}

= TnTQ0
= TnTi0
= TnT30
= TnT30
= TnTA0
= TpT30

ThO

Tn{p, q}
Tﬂ{P; q, r}
7—I'I{p-/ q,r, t}
TI_I{p7 q, It S}
Tn{p,q,r,t, s}

To see that Cn(M) = {p, g, r, t,s} is the smallest fixpoint of Tp, note that
Tni{p,q,r,t,s} ={p,q,r,t,s} and TnX # X for every X C {p,q,r, t,s}.
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Examples

Let's iterate Tp

M={p<, g, r<p, s« q,t, t<r, u< v}

TR0 = 0

T|—1|® = {p,q} = TﬂT|9|® = Tn@

T30 = {p,q,r} = TnTi0 = Tn{p,q}

T30 = {p,q,r,t} = TaTi0 = Tn{p.qr}
T20 = {p,q,r,t,s} = TnT30 = Tn{p,q,r, t}
T30 = {p,q,r,t,s} = TnTi0D = Tn{p,q,r, t,s}
T80 = {p,q,r,t,s} = TnT3® = Tn{p,q,r,t,s}
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Examples

Let's iterate Tp

M={p<, g, r<p, s« q,t, t<r, u< v}

T30
T50
T30
T30
TA0
T30
T80

0

{p,q}
{p.q,r}
{p.q,r, t}
{p,q,r t,s}
{p.q,r t s}
{p,q,r,t,s}

= TnT20
= TnTi0
= TnT30
= TnT30
= TnTh0
= TnT30

Tl

Tn{p, q}
Tn{p,q.r}
TI'I{p> q,r, t}
TI_I{p7 q,r,t, S}
TI'I{p7 q,r,t, S}

To see that Cn(M) = {p, g, r, t,s} is the smallest fixpoint of Tp, note that
Tn{p,q,r,t,s} ={p,q,r,t,s} and TnX # X for every X C {p,q,r,t,s}.
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Variables and Grounding

Programs with Variables

Let I1 be a logic program.
m Herbranduniverse U": Set of constants in

m Herbrandbase B™: Set of (variable-free) atoms constructible from U™
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Variables and Grounding

Programs with Variables

Let I1 be a logic program.
m Herbranduniverse U": Set of constants in

m Herbrandbase B™: Set of (variable-free) atoms constructible from U™
1 \We usually denote this as A, and call it alphabet.

m Ground Instances of r € I1: Set of variable-free rules obtained by
replacing all variables in r by elements from U™:

ground(r) = {r6 | 0 : var(r) — U™}

where var(r) stands for the set of all variables occurring in r;
0 is a (ground) substitution.
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Variables and Grounding

Programs with Variables

Let I1 be a logic program.
m Herbranduniverse U": Set of constants in

m Herbrandbase B™: Set of (variable-free) atoms constructible from U™
1 \We usually denote this as A, and call it alphabet.

m Ground Instances of r € I1: Set of variable-free rules obtained by
replacing all variables in r by elements from U™:

ground(r) = {r6 | 0 : var(r) — U™}

where var(r) stands for the set of all variables occurring in r;
0 is a (ground) substitution.

m Ground Instantiation of [1:
ground(IM) = |J,cnground(r)
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Variables and Grounding

An example

M={ r(a,b) +, r(b,c) <, t(X,Y)+ r(X,Y)}
U™ ={a, b,c}

BN _ r(a, a), r(a, b), r(a,c), r(b,a), r(b,b), r(b,c
B { t(a,a), t(a, b), t(a, c), t(b, a), t(b, b), t(b, c

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 42 / 363



Variables and Grounding

An example

M={ r(a,b) +, r(b,c) <, t(X,Y)+ r(X,Y)}
U™ ={a, b,c}

BN _ r(a, a), r(a, b), r(a,c), r(b,a), r(b,b), r(b,c),r(c,a),r(c,b),r(c,c),
| t(a, ), t(a, b), t(a, c), t(b, a), t(b, b), t(b, c), t(c, a), t(c, b), t(c, c)
r(a,b) « ,
r(b,c) « ,
ground () = t(a,a) < r(a,a), t(b,a) < r(b,a), t(c,a) « r(c,a),
t(a,b) « r(a,b), t(b,b) < r(b,b), t(c,b) < r(c,b),
t(a,c) « r(a,c), t(b,c) < r(b,c), t(c,c) + r(c,c)
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Variables and Grounding

An example

M={ r(a,b) +, r(b,c) <, t(X,Y)+ r(X,Y)}
U™ ={a, b,c}

BN _ { r(a,a), r(a, b), r(a, c), r(b,a), r(b, b), r(b,c), r(c,a), r(c,b), r(c,c), }
t(a, a), t(a, b), t(a, c), t(b, a), t(b, b), t(b, c), t(c, a), t(c, b), t(c, c)
r(a, b) « ,
r(b,c) « ,
ground () = o
t(a, b) « :

t(b,c) +

1= |ntelligent Grounding aims at reducing the ground instantiation.
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Variables and Grounding

Answer sets of programs with Variables

Let 1 be a normal logic program with variables.

We define a set X of (ground) atoms as an answer set of I1
if Cn(ground(N)X) = X.
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Integrity Constraints

Programs with Integrity Constraints

m Purpose: Integrity constraints eliminate unwanted solution candidates

Syntax: An integrity constraints is of the form

— Aq, ..., An,not Apit, .-, not Ap,

where n > m > 1, and each A; (1 <i < n) is a atom.
Example: < monitor(21in), graphics(evil)

Implementation: For a new symbol x, map

— Ai,....,An,not Apit, ..., not A,

—> X < Ai,...,An,not Api1,. .., not A,, not x

Another example: T1 = {p < not q, q < not p}
versus " = {p < not q, q < not p, + p}
versus " = {p < not q, q < not p, < not p}
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Programs with Integrity Constraints

m Purpose: Integrity constraints eliminate unwanted solution candidates
m Syntax: An integrity constraints is of the form

— Aq,...,An,not Api1,...,not Ap,

where n > m > 1, and each A; (1 </ < n)is a atom.
m Example: < monitor(21in), graphics(evil)
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Integrity Constraints

Programs with Integrity Constraints

m Purpose: Integrity constraints eliminate unwanted solution candidates

m Syntax: An integrity constraints is of the form
— Aq,...,An,not Api1,...,not Ap,

where n > m > 1, and each A; (1 </ < n)is a atom.
m Example: < monitor(21in), graphics(evil)

m Implementation: For a new symbol x, map

— Ai,...,An,not Apt1,...,not A,
— X < Ai,...,Am,not Api1,...,not A,, not x
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Integrity Constraints

Programs with Integrity Constraints

Purpose: Integrity constraints eliminate unwanted solution candidates

Syntax: An integrity constraints is of the form
— Aq,...,An,not Api1,...,not Ap,

where n > m > 1, and each A; (1 </ < n)is a atom.
Example: < monitor(21in), graphics(evil)
Implementation: For a new symbol x, map

— Ai,...,An,not Apt1,...,not A,
— X < Ai,...,Am,not Api1,...,not A,, not x

Another example: T1 = {p < not q, q < not p}
versus [1" = {p < not q, q < not p, + p}
versus M” = {p < not q, q < not p, < not p}
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Computation

Problem solving in ASP: Computation

Problem Solution(s)
Modeling Interpretation
Logic Program Answer set(s)

Computation
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Computation

Standard Computation Scheme

Global parameters: Logic program [T and its set A of atoms.
answersetn (X, Y)

(X, Y) < propagationy(X,Y)

if (XNY)# 0 then fail

if (XU Y)= A then return(X)

select Ac A\ (XUY)

answersetn(X U {A},Y)

@A answersetn(X, Y U{A})
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Computation

Standard Computation Scheme

Global parameters: Logic program [1 and its set A of atoms.

answersetn (X, Y)
(X, Y) < propagationy(X,Y)
if (XNY)# 0 then fail
if (XU Y)= A then return(X)
select Ac A\ (XUY)
answersetn(X U {A},Y)
@A answersetn(X, Y U{A})
Comments:
m (X, Y) is supposed to be a 3-valued model such that X C Z and YNZ =10
for any answer set Z of I1.
m Key operations: propagationy(X,Y) and ‘select A€ A\ (XU Y)’
m Worst case complexity: O(2141)
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Modeling
Overview

Problems as Logic Programs
m Coloring Graphs

Methodology
m Satisfiability
m Queens
m Hamiltonian Path
m Planning
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Modeling and Interpreting

Problem Solution(s)
Modeling Interpretation
Logic Program Answer sets

Computation
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Problems as Logic Programs

Problem —— Logic Program

For solving a problem class P for a problem instance |,
encode
the problem instance | as a set of facts C(l) and
the problem class P as a set of rules C(P),

such that the solutions to P for | can be (polynomially) extracted
from the answer sets of C(P) U C(l).
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Problems as Logic Programs Coloring Graphs
n-colorability of graphs

Problem instance
A graph (V,E).

Problem class
Assign each vertex in V one of n colors such that no two
vertexes in V connected by an edge in E have the same
color.
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Problems as Logic Programs Coloring Graphs

3—colorability of graphs

C(I) vertex(1) <« edge(1,2) <«
vertex(2) edge(2,3) <«
vertex(3) <+ edge(3,1) <«
C(P) colored(V,r) + not colored(V,b), not colored(V,g),
vertex(V)
colored(V,b) < not colored(V,r), not colored(V,g),
vertex(V)
colored(V,g) <« not colored(V,r), not colored(V,b),
vertex(V)
+— edge(V,U), colored(V,C), colored(U,C)
Answer set | { colored(1,r), colored(2,b), colored(3,g), ...}
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Problems as Logic Programs Coloring Graphs

n-colorability of graphs

with n =3
C(l) vertex(1) « edge(1,2) <«
vertex(2) ¢+ edge(2,3) <«
vertex(3) edge(3,1) <«
C(P) color(r) < color(b) <« color(g) «+
colored(V,C) < not othercolor(V,C),
vertex(V), color(C)
othercolor(V,C) + colored(V,C"), C£C’,
vertex(V), color(C)
< edge(V,U), colored(V,C), colored(U,C)
Answer set | { colored(1,r), colored(2,b), colored(3,g), ...}
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Problems as Logic Programs Coloring Graphs

n-colorability of graphs

with n =3
C(l) vertex(1). vertex(2). vertex(3).
edge(1,2). edge(2,3). edge(3,1).
C(P) color(r). color(b). color(g).
colored(V,C) :— not othercolor(V,C),

vertex(V), color(C).
othercolor(V,C) :- colored(V,Cl1l), C != C1,
vertex(V), color(C).

:— edge(V,U), colored(V,C), colored(U,C).
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Problems as Logic Programs Coloring Graphs

Let it run!

torsten@raz > gringo 3color.lp | clasp --stats O

clasp version 1.3.5

Reading from stdin

Solving. ..

Answer: 1

vertex (1) vertex(2) vertex(3)

edge(1,2) edge(2,3) edge(3,1)

color(r) color(b) color(g)

colored(3,g) othercolor(3,b) othercolor(3,r)
othercolor(2,g) colored(2,b) othercolor(2,r)
othercolor(1l,g) othercolor(l,b) colored(l,r)
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Problems as Logic Programs Coloring Graphs

Let it run!

torsten@raz > gringo 3color.lp | clasp --stats O

clasp version 1.3.5

Reading from stdin

Solving. ..

Answer: 1

vertex(1) vertex(2) vertex(3)

edge(1,2) edge(2,3) edge(3,1)

color(r) color(b) color(g)

colored(3,g) othercolor(3,b) othercolor(3,r)
othercolor(2,g) colored(2,b) othercolor(2,r)
othercolor(l,g) othercolor(l,b) colored(l,r)
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Problems as Logic Programs Coloring Graphs

Here's the rest!

Answer: 2

vertex(1) vertex(2) vertex(3) edge(1,2) edge(2,3) edge(3,1) color(r) color(b) color(g)
colored(3,g) othercolor(3,b) othercolor(3,r)

othercolor(2,g) othercolor(2,b) colored(2,r)

othercolor(l,g) colored(1,b) othercolor(l,r)

Answer: 3

vertex(1) vertex(2) vertex(3) edge(1,2) edge(2,3) edge(3,1) color(r) color(b) color(g)
othercolor(3,g) colored(3,b) othercolor(3,r)

colored(2,g) othercolor(2,b) othercolor(2,r)

othercolor(l,g) othercolor(1,b) colored(l,r)

Answer: 4

vertex(1) vertex(2) vertex(3) edge(1,2) edge(2,3) edge(3,1) color(r) color(b) color(g)
othercolor(3,g) othercolor(3,b) colored(3,r)

colored(2,g) othercolor(2,b) othercolor(2,r)

othercolor(l,g) colored(1,b) othercolor(l,r)

Answer: 5

vertex(1l) vertex(2) vertex(3) edge(1,2) edge(2,3) edge(3,1) color(r) color(b) color(g)
othercolor(3,g) colored(3,b) othercolor(3,r)

othercolor(2,g) othercolor(2,b) colored(2,r)

colored(1,g) othercolor(1l,b) othercolor(1l,r)

Answer: 6

vertex(1) vertex(2) vertex(3) edge(1,2) edge(2,3) edge(3,1) color(r) color(b) color(g)
othercolor(3,g) othercolor(3,b) colored(3,r)

othercolor(2,g) colored(2,b) othercolor(2,r)

colored(1,g) othercolor(1l,b) othercolor(1l,r)

SATISFIABLE
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Models
Time
Choices
Conflicts
Restarts

Atoms
Rules
Bodies

Equivalences:

Tight

Variables

Constraints :

Lemmas

Conflicts :

Loops
Deleted

Torsten Schaub (KRRQUP)

O O U1 OO

Problems as Logic Programs Coloring Graphs

And finally some statistics!

.000s (Solving: 0.00s 1st Model: 0.00s Unsat: 0.00s)

(1: 45)

(Atom=Atom: 8 Body=Body: 9 Other: 24)

(Eliminated: 0)

(Binary: 78.6% Ternary: 21.4% Other: 0.0%)
(Binary: 0.0% Ternary: 0.0% Other: 0.0%)
(Average Length: 0.0)

(Average Length: 0.0)
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Methodology

Basic Methodology

Generate and Test (or: Guess and Check) approach

Generator Generate potential answer set candidates
(typically through non-deterministic constructs)

Tester Eliminate invalid candidates
(typically through integrity constraints)
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Methodology

Basic Methodology

Generate and Test (or: Guess and Check) approach

Generator Generate potential answer set candidates
(typically through non-deterministic constructs)

Tester Eliminate invalid candidates
(typically through integrity constraints)

Nutshell
Logic program = Data + Generator + Tester
(+ Optimizer)
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Methodology  Satisfiability
Satisfiability

Problem instance
A propositional formula ¢.

Problem class
Is there an assignment of propositional variables to true and
false such that a given formula ¢ is true.
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Methodology  Satisfiability

Satisfiability
Consider formula (a VV =b) A (—a V b).
Generator Tester Answer set
a < nota < nota,b X1 = {ab}
a’ < nota — a,notb X, = {a'b'}
b <+ notbh
bY « notb

Generator with a choice rule: {a,b} <+
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Methodology  Satisfiability

Consider formula (a vV =b) A (—a V b).

Generator
a <+ nota
a’ « nota
b <« notb
bY « notb

Torsten Schaub (KRRQUP)

Tester
< nota, b
<~ a,notb

Answer Set Programming

Satisfiability

Answer set
Xl = {a,b}
X2 = {a’,b/}

July 4, 2011
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Methodology  Satisfiability

Satisfiability
Consider formula (a vV =b) A (—a V b).
Generator Tester Answer set
a <« notad <+ nota,b X1 = {ab}
a’ +« nota + a,notb X, = {a'b’}
b <« notb
b’ + notb

Sneak Preview: Generator with a choice rule: {a,b} <«
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Methodology Queens

n-Queens Problem

A solutionto n =4 :
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Methodology Queens

n-Queens in ASP

m g(X,Y) gives the legal position of a queen

m —q(X,Y) is an independent auxiliary atom
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Methodology Queens

n-Queens in ASP

m g(X,Y) gives the legal position of a queen

m —q(X,Y) is an independent auxiliary atom

gdX.Y) ot ~q(X,)
_'Q(X, Y) < not Q(X, Y)
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Methodology Queens

n-Queens in ASP

m g(X,Y) gives the legal position of a queen
m —q(X,Y) is an independent auxiliary atom

gdX.Y) ot ~q(X,)
_'Q(X, Y) < not Q(X, Y)

~ q(X,Y),q(X,Y), X <X
— (X, Y),a(X, Y)Yy <Y’
— (X, Y),q(X,Y), X< X X' =X =|Y'—Y|
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Methodology Queens

n-Queens in ASP

m g(X,Y) gives the legal position of a queen

m —q(X,Y) is an independent auxiliary atom

gdX.Y) ot ~q(X,)
_'Q(X, Y) < not Q(X, Y)

~ q(X,Y),q(X,Y), X <X
— (X, Y),a(X, Y)Yy <Y’
— (X, Y),q(X,Y), X< X X' =X =|Y'—Y|

hasq(X) <« a(X,Y)
not hasq(X)

4
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Methodology ~ Queens

n-Queens
(in the gringo language)

d(1..queens).

q(X,Y) :- d(X), d(Y), not negq(X,Y).

negq(X,Y)
- qX,Y)
- qX,Y)
- qX,Y)

hasq (X)

i~ d(X), d(Y), not q(X,Y).

, q(X1,Y), X < X1.

, 9X,Y1), Y < Y1.

, q(X1,Y1), X < X1, X1 - X == |Y1 - Y]|.
- qX,Y).

:= d(X), not hasq(X).
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Methodology Queens

n-Queens
(in the gringo language)

d(1l..queens).

q(X,Y) :- d(X), d(Y), not negq(X,Y).
negq(X,Y) :- d(X), d4(Y), not q(X,Y).
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Methodology Queens

n-Queens
(in the gringo language)

d(1l..queens).

q(X,Y) :- d(X), d(Y), not negq(X,Y).

negq(X,Y)
H q(X:Y) s

- qX,Y),
- q(X,Y),

Torsten Schaub (KRRQUP)

- d(X), d(Y), not q(X,Y).

q(X1,Y), X < X1.
q(X,Y1), Y < Y1.
q(Xl,Yl), X <X1, Xt - X==|Y1-Y]|.
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Methodology Queens

n-Queens
(in the gringo language)

d(1l..queens).

q(X,Y) :- d(X), d(Y), not negq(X,Y).

negq(X,Y)
- qX,Y)
- qX,Y)
- q(X,Y)

hasq (X)

- d(X), d(Y), not q(X,Y).

, q(X1,Y), X < X1.

, q(X, Y1), Y < Y1,

, q(X1,Y1), X < X1, X1 - X == |Y1 - Y]|.
- qX,Y).

:= d(X), not hasq(X).
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Methodology ~ Queens

n-Queens in ASP (ctd)

Alternatives to

q(X7 Y) < not _|Q(X, Y)
_'q(X7 Y) < not Q(X, Y)

disjunctive ASP [41]
a(X,Y):i=q(X,Y) «

nested ASP [55]
q(X,Y);not q(X,Y) <+

normal ASP with cardinality constraints [73]
1{qgX,Y)}1 « d(X)
1{qg(X,Y)}1 « d(Y)

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011

63 / 363



Methodology Queens

n-Queens in ASP (ctd)

Alternatives to

q(X,Y) <« not ~q(X,Y)
-q(X,Y) <« not q(X,Y)
in
m disjunctive ASP [41]
q(X,Y)i=a(X,Y) «
m nested ASP [55]
qa(X,Y) ;not g(X,Y) «
m normal ASP with cardinality constraints [73]
1{qX, V)11 « d(X)
1{qX, V)11 « d(Y)
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Methodology Queens

n-Queens (ctd)

(with cardinality constraints)

d(1l..n) <«

1{g(X,Y) ;1 « d(X)
1{q(X,Y)}1 « d(Y)

— gX,Y),aX YY), X <X X —=X=|Y —Y|
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Methodology Queens

n-Queens (ctd)

(in the gringo language with cardinality constraints)

d(1l..queens).

1 {q&X,Y) : ddy) } 1 :- dX).
1 { qX,Y) : dX) } 1 :- d(Y).

- q(X,Y), q(X1,¥Y1), X < X1, X1 - X == |Y1 - Y]|.
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Methodology Queens

And the Performance ...7

torsten@raz > gringo -c queens=100 queens2.lp | clasp --stats

Answer: 1
d(1) d(2) d(3) d(4) d(5) ... d(96) d(97) d(98) d(99) d(100)
q(100,62) q(99,79) q(98,29) q(97,60) ... q(4,69) q(3,52) q(2,64) q(1,71)
SATISFIABLE
Models : 1+
Time : 3.420s (Solving: 0.57s 1st Model: 0.57s Unsat: 0.00s)
Choices : 1256
Conflicts . 818
Restarts : 4
Atoms : 10701
Rules : 658000 (1: 657400 2: 400 3: 200)
Variables : 667100 (Eliminated: ()
Constraints : 657100 (Binary: 99.9% Ternary: 0.0% Other: 0.1%)
Lemmas : 818 (Binary: 0.0% Ternary: 0.0% Other:100.0%)
Conflicts : 818 (Average Length: 610.1)
Loops : 0 (Average Length: 0.0)
Deleted : 0
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Methodology Queens

Stop! It's DEMO time!
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Methodology Hamiltonian Path

Hamiltonian Path

Problem instance
A directed graph (V, E) and a starting vertex v € V.

Problem class
Find a path in (V, E) starting at v and visiting all other
vertices in V' exactly once.
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Methodology Hamiltonian Path

Hamiltonian Path

Problem instance
A directed graph (V, E) and a starting vertex v € V.

Problem class
Find a path in (V, E) starting at v and visiting all other
vertices in V' exactly once.

m Predicates: vertex/1, arc/2, start/1
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Methodology Hamiltonian Path

Generator
for candidate paths

Normal logic programs

inPath(X,Y) < arc(X,Y), not outPath(X,Y)
outPath(X,Y) < arc(X,Y), not inPath(X,Y)
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Methodology Hamiltonian Path

Generator
for candidate paths

Normal logic programs

inPath(X,Y) < arc(X,Y), not outPath(X,Y)
outPath(X,Y) < arc(X,Y), not inPath(X,Y)

Disjunctive logic programs

inPath(X,Y) ; outPath(X,Y) < arc(X,Y)
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Methodology Hamiltonian Path

Generator
for candidate paths

Normal logic programs

inPath(X,Y) < arc(X,Y), not outPath(X,Y)
outPath(X,Y) < arc(X,Y), not inPath(X,Y)

Disjunctive logic programs
inPath(X,Y) ; outPath(X,Y) < arc(X,Y)
Nested logic programs

inPath(X, Y) ; not inPath(X,Y) <« arc(X,Y)
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Methodology Hamiltonian Path

Generator
for candidate paths

Normal logic programs

inPath(X,Y) < arc(X,Y), not outPath(X,Y)
outPath(X,Y) < arc(X,Y), not inPath(X,Y)

Disjunctive logic programs

inPath(X, Y) ; outPath(X,Y) <+ arc(X,Y)
Nested logic programs

inPath(X, Y) ; not inPath(X,Y) <« arc(X,Y)
Logic programs with cardinality constraints

1 {inPath(X,Y) :arc(X,Y)} 1 <+ vertex(Y), not start(Y)
{inPath(X,Y) :arc(X,Y)} 1 <+ vertex(X)
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Methodology Hamiltonian Path

Tester

eliminating invalid candidate paths

m Eliminate candidates having vertices visited more than once
< inPath(X,Y), inPath(Z,Y), X < Z
< inPath(X,Y), inPath(X,Z), Y < Z

(obsolete when using above cardinality constraints)
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Methodology Hamiltonian Path

Tester

eliminating invalid candidate paths

m Eliminate candidates having vertices visited more than once
< inPath(X,Y), inPath(Z,Y), X < Z
< inPath(X,Y), inPath(X,Z), Y < Z

(obsolete when using above cardinality constraints)

m Eliminate candidates having vertices never visited
reached(X) < start(X)
reached(X) < reached(Y), inPath(Y,X)
< vertex(X), not reached(X)
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Methodology Hamiltonian Path

Try for yourself: Hamiltonian Cycle

Problem instance
A directed graph (V, E).
Problem class
Find a cycle in (V, E) visiting all vertices in V' exactly once.
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Methodology Hamiltonian Path

Making Mr Hamilton a Traveling Salesman

Problem instance
A directed graph (V/, E) and a cost function on arcs.

Problem class
Find a cycle in (V, E) visiting all vertices in V' exactly once
such that the sum of costs associated with the arcs is
minimal.
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Methodology Hamiltonian Path

Making Mr Hamilton a Traveling Salesman

Problem instance
A directed graph (V/, E) and a cost function on arcs.

Problem class
Find a cycle in (V, E) visiting all vertices in V' exactly once
such that the sum of costs associated with the arcs is
minimal.

m Predicates: vertex/1, arc/2, start/1, and cost/3,
eg. cost(3,4,30)

m Optimization

#minimize [inPath(X,Y) : cost(X, Y, C) = C].
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Methodology Planning

Planning
in the Blocksworld [51]

Initial situation Goal situation
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Methodology Planning

#const grippers=2.
#const lasttime=3.

block(1..6).

% DEFINE
on(1,2,0).
on(2,table,0).
on(3,4,0).
on(4,table,0).
on(5,6,0).
on(6,table,0).

Torsten Schaub (KRRQUP) Answer Set Programming
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% TEST
:— not
:— not
:— not
:— not
:— not
:— not

Methodology Planning

Goal Situation

on(3,2,lasttime) .
on(2,1,lasttime).
on(1l,table,lasttime).
on(6,5,lasttime) .
on(5,4,lasttime) .
on(4,table,lasttime).
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Methodology Planning

Planning in the Blocksworld |
GENERATE

time (0. .lasttime).

location(B) :- block(B).
location(table).

% GENERATE

{ move(B,L,T) : block(B) : location(L) : B != L } grippers
:— time(T), T < lasttime.
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Methodology Planning

Planning in the Blocksworld Il

DEFINE
% blocks that move somewhere
move (B, T) :— move(B,_,T).
% effect of moving a block
on(B,L,T+1) :- move(B,L,T).
% inertia
on(B,L,T+1) :- on(B,L,T), not move(B,T), T < lasttime.
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Methodology Planning

Planning in the Blocksworld Il
TEST

% a block must be at exactly one location
:—not 1 { on(B,L,T) } 1, block(B), time(T).

% two blocks cannot be on top of the same block
:= 2 { on(B1,B,T) }, block(B), time(T).

% a block can’t be moved unless it is clear
:— move(B,T), on(B1,B,T).

% a block can’t be moved onto a block that is moved also
:— move(B,B1,T), move(B1,T).

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 78 / 363



Methodology Planning

Planning in the Blocksworld [V
DISPLAY

% hide everything but the moves
#hide.
#show move/3.
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Methodology Planning

The Plan

torsten@raz > gringo blocks.lp | clasp --stats

Answer: 1

move (6,5,2) move(3,2,2) move(5,4,1) move(2,1,1) move(3,table,0) move(l,table,0)
SATISFIABLE

Models : 1+
Time : 0.000s (Solving: 0.00s 1st Model: 0.00s Unsat: 0.00s)
Choices : 2
Conflicts : 0
Restarts : 0
Atoms : 336
Rules : 596 (1: 536 2: 57 3: 3)
Variables : 501 (Eliminated: 0)
Constraints : 411 (Binary: 77.6% Ternary: 11.7% Other: 10.7%)
Lemmas : 0 (Binary: 0.0% Ternary: 0.07% Other: 0.0%)
Conflicts : O (Average Length: 0.0)
Loops : 0 (Average Length: 0.0)
Deleted : 0

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 80 / 363



Disjunctive logic programs

Syntax

Semantics

Examples

Torsten Schaub (KRRQUP) Answer Set Programming

Overview

July 4, 2011

81 / 363



Syntax

Disjunctive logic programs
[40]

m A disjunctive rule, r, is an ordered pair of the form
Al oo i Am < Amt1, .-, Ay not Apya, ..., not Ao,

where 0 > n>m >0, and each A; (0 </ < o) is an atom.
m A disjunctive logic program is a finite set of disjunctive rules.
m (Generalized) Notation
head(r) = {Ai1,...,Am}
body ( = {Amt1,...,Ap,not Apyi,...,not Ao}
bodyt(r) = {Ami1,...,An}
body™(r) = {Ant1,-.-,A0}
m A program is called positive if body~ (r) = ) for all its rules.

r)
r)
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Semantics

Answer sets

m Positive programs:
m A set X of atoms is closed under a positive program [I1 iff
for any r € M, head(r) N X # () whenever body ™ (r) C X.
= X corresponds to a model of I (seen as a formula).

m The set of all C-minimal sets of atoms being closed under a positive
program [1 is denoted by minc(I1).
= minc (1) corresponds to the C-minimal models of I (ditto).
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Semantics

Answer sets

m Positive programs:

m A set X of atoms is closed under a positive program [I1 iff
for any r € M, head(r) N X # () whenever body ™ (r) C X.

= X corresponds to a model of I (seen as a formula).
m The set of all C-minimal sets of atoms being closed under a positive
program [1 is denoted by minc(I1).
= minc (1) corresponds to the C-minimal models of I (ditto).
m Disjunctive programs:
m The reduct, NX, of a disjunctive program I relative to a set X of
atoms is defined by

NX = {head(r) « body™(r) | r € M and body ™ (r)N X = }.
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Semantics

Answer sets

m Positive programs:

m A set X of atoms is closed under a positive program [I1 iff
for any r € M, head(r) N X # () whenever body ™ (r) C X.

= X corresponds to a model of I (seen as a formula).
m The set of all C-minimal sets of atoms being closed under a positive
program [1 is denoted by minc(I1).
= minc (1) corresponds to the C-minimal models of I (ditto).
m Disjunctive programs:
m The reduct, NX, of a disjunctive program I relative to a set X of
atoms is defined by

NX = {head(r) « body™(r) | r € M and body ™ (r)N X = }.

m A set X of atoms is an answer set of a disjunctive program [T if
X € minc(M%).
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Semantics

Answer sets

m Positive programs:

m A set X of atoms is closed under a positive program [I1 iff
for any r € M, head(r) N X # () whenever body ™ (r) C X.

= X corresponds to a model of I (seen as a formula).
m The set of all C-minimal sets of atoms being closed under a positive
program [1 is denoted by minc(I1).
= minc (1) corresponds to the C-minimal models of I (ditto).
m Disjunctive programs:
m The reduct, NX, of a disjunctive program I relative to a set X of
atoms is defined by

NX = {head(r) « body™(r) | r € M and body ™ (r)N X = }.

m A set X of atoms is an answer set of a disjunctive program [T if
X € minc(M%).

m FYI: The alternative definition on Page 99 is applicable as well.
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Examples

A “positive” example

a —
I-I_{b;c — a}

The sets {a, b}, {a,c}, and {a, b, c} are closed under I1.
We have minc (M) = { {a, b}, {a,c} }.
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Examples

A “positive” example

a —
I_I_{b;c — a}

m The sets {a, b}, {a,c}, and {a, b, c} are closed under IN.
m We have minc (M) = { {a, b}, {a,c} }.
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Examples

3-colorability revisited

C(1) vertex(1l) <« edge(1,2) <«
vertex(2) < edge(2,3) <«
vertex(3) <« edge(3,1) <«

C(P) colored(V,r); colored(V,b); colored(V,g) < vertex(V)
< edge(V,U), colored(V,C), colored(U,C)

Answer set | { colored(1,r), colored(2,b), colored(3,g), ...}
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Examples

More Examples
m [, ={a;b;c<«} has answer sets {a}, {b}, and {c}.
My ={a;b;c<« , < a} has answer sets {b} and {c}.
M3 ={a;b;c«, < a, b« c, c< b} has answer set {b, c}.

My={a;b< c, b< not a,not c, a;c < not b}
has answer sets {a} and {b}.
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Examples

More Examples

m [, ={a;b;c<«} has answer sets {a}, {b}, and {c}.
m[y={a;b;c<«, < a} has answer sets {b} and {c}.
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Examples

More Examples
My ={a;b;c <} has answer sets {a}, {b}, and {c}.
My ={a;b;c<+, < a} has answer sets {b} and {c}.
M3={a;b;c<+, < a, b« c, c <+ b} has answer set {b,c}.
My={a;b+ c, b< not a,not c, a;c <+ not b}
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Examples

More Examples

My ={a;b;c <} has answer sets {a}, {b}, and {c}.
My ={a;b;c<+, < a} has answer sets {b} and {c}.
M3={a;b;c<+, < a, b« c, c <+ b} has answer set {b,c}.

My={a;b+ c, b< not a,not c, a;c <+ not b}
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Examples

An example with variables

- a(1,2) —
i { B(X) :c(Y) « a(X,Y),not c(Y) }
a(1,2) +—
b(1);¢c(1) <« a(1,1),not c(1)
ground() = b(1);c(2) <+ a(1,2),not c(2)
b(2);¢c(l) <+ a(2,1),not c(1)
b(2);c(2) <+ a(2,2),not c(2)

For every answer set X of I, we have
a(1,2) € X and
{a(1,1),a(2,1),a(2,2)} N X = 0.
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Examples

An example with variables

- a(1,2) —
= { b(X):c(Y) « a(X,Y),not c(Y) }
a(1,2) —
b(1);¢c(l) <+ a(1,1),not c(1)
ground(M) = b(1);c(2) <+ a(1,2),not c(2)
b(2);¢c(l) <+ a(2,1),not c(1)
b(2);¢c(2) <« a(2,2),not c(2)
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Examples

An example with variables

n - a(1,2) —
B b(X);c(Y) + a(X,Y),not c(Y)
a(1,2) —
b(1);¢c(l) <+ a(1,1),not c(1)
ground(M) = b(1);c(2) <+ a(1,2),not c(2)
b(2);¢c(l) <+ a(2,1),not c(1)
b(2);¢c(2) <« a(2,2),not c(2)
For every answer set X of I, we have
m a(1,2) € X and
m {a(1,1),a(2,1),a(2,2)} n X = 0.
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Torsten Schaub (KRRQUP)

Examples

An example with variables

1,2) —
1);¢c(1) <«
1);c(2) <«
2);c(l) <«
2);¢c(2) <+
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ground(IT)

Examples

An example with variables

1,2) —
1);¢c(1) <«
1);c(2) <«
2);c(l) <«
2);¢c(2) <+

m Consider X = {a(1,2), b(1)}.
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Examples

An example with variables

a(1,2) —
b(1);¢c(l) <+ a(1,1)
ground(M)X = b(1);c(2) <« a(1,2)
b(2);¢c(l) <+ a(2,1)
b(2);c(2) <+ a(2,2)

m Consider X = {a(1,2), b(1)}.
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Examples

An example with variables

a(1,2) —
b(1);¢c(l) <+ a(1,1)
ground(I)" = b(1);c(2) <« a(1,2)
b(2);¢c(l) <+ a(2,1)
b(2);c(2) <+ a(2,2)

m Consider X = {a(1,2), b
m We get minc(ground(M)X) = { {a(1,2), b(1)}, {a(1,2), c(2)} }.

—

—
~—
——
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Examples

An example with variables

a(1,2) —
b(1);¢c(l) <+ a(1,1)
ground(I)" = b(1);c(2) <« a(1,2)
b(2);¢c(l) <+ a(2,1)
b(2);c(2) <+ a(2,2)

m Consider X = {a(1,2), b(1)}.
m We get minc(ground(M)X) = { {a(1,2), b(1)}, {a(1,2), c(2)} }.

m X is an answer set of I1 because X € minc(ground(M)X).
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Examples

An example with variables

a(1,2) —

b(1);c(1) <+ a(1,1),not c(1)
ground(I)" = b(1);c(2) <+ a(1,2),not c(2)

b(2);¢c(l) <« a(2,1),not c(1)

b(2);c(2) <+ a(2,2),not c(2)
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Examples

An example with variables

a(1,2) —
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Examples

An example with variables

a(1,2) —

b(1);¢c(l) <« a(1,1)
ground(I)" =

b(2);¢c(l) <+ a(2,1)

m Consider X = {a(1,2), c(2)}.
m We get minc(ground(M)X) = { {a(1,2)} }.
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Examples

An example with variables

a(1,2) —

b(1);¢c(l) <« a(1,1)
ground(I)" =

b(2);¢c(l) <+ a(2,1)

m Consider X = {a(1,2), c(2)}.
m We get minc(ground(M)X) = { {a(1,2)} }.

m X is no answer set of I1 because X & minc(ground(M)X).
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Syntax

Nested logic programs
[55]

m Formulas are formed from

m propositional atoms and
m T and L

using
m negation-as-failure (not),
m conjunction (,), and
m disjunction (;).
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Syntax

Nested logic programs
[55]

m Formulas are formed from

m propositional atoms and
m T and L

using
m negation-as-failure (not),
m conjunction (,), and
m disjunction (;).
m A nested rule, r, is an ordered pair of the form F < G
where F and G are formulas.

m A nested program is a finite set of rules.
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Syntax

Nested logic programs
[55]

m Formulas are formed from

m propositional atoms and
m T and L

using
m negation-as-failure (not),
m conjunction (,), and
m disjunction (;).
m A nested rule, r, is an ordered pair of the form F < G
where F and G are formulas.
m A nested program is a finite set of rules.

m Notation: head(r) = F and body(r) = G.
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Semantics

Satisfaction relation

m The satisfaction relation X |= F between a set of atoms and a
formula F is defined recursively as follows:

XEF if F € X for an atom F,
XET,

XL,

XE(F,G) ifXEFand X =G,
XE(F;G) ifXEFoXEG,
X E not Fif X £ F.
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Semantics

Satisfaction relation

m The satisfaction relation X |= F between a set of atoms and a
formula F is defined recursively as follows:

XEF if F € X for an atom F,
XET,

XL,

XE(F,G) ifXEFand X =G,
XE(F;G) ifXEFoXEG,
X E not Fif X £ F.

m A set X of atoms satisfies a nested program I1, written X |= I, iff
for any r € N, X |= head(r) whenever X = body(r).
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Semantics

Satisfaction relation

m The satisfaction relation X |= F between a set of atoms and a
formula F is defined recursively as follows:

XEF if F € X for an atom F,
XET,

XL,

XE(F,G) ifXEFand X =G,
XE(F;G) ifXEFoXEG,
X E not Fif X £ F.

m A set X of atoms satisfies a nested program I1, written X |= I, iff
for any r € N, X |= head(r) whenever X = body(r).

m The set of all C-minimal sets of atoms satisfying program [I1 is
denoted by minc ().
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Semantics

Reduct

m The reduct, FX, of a formula F relative to a set X of atoms is
defined recursively as follows:

m FX=F if Fisanatomor T or L,
m (F,G)X = (F%, )
m (F; G)X (F
|f XEF
m (not F { T otherwise
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Semantics

Reduct

m The reduct, FX, of a formula F relative to a set X of atoms is
defined recursively as follows:

m FX=F if Fisanatomor T or L,
m (F,G)X = (F%, )
m (F; G)X = (FX
|f XEF
m (not F { T otherwise

m The reduct, MX, of a nested program [ relative to a set X of atoms
is defined by

X = {head(r)X « body(r)* | ren}.
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Semantics

Reduct

m The reduct, FX, of a formula F relative to a set X of atoms is
defined recursively as follows:

m FX=F if Fisanatomor T or L,
m (F,G)X = (F%, )
m (F; G)X = (FX
|f XEF
m (not F { T otherwise

m The reduct, MX, of a nested program [ relative to a set X of atoms
is defined by

X = {head(r)X « body(r)* | ren}.

m A set X of atoms is an answer set of a nested program [I1 if
X € minc (M%),
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Examples

Two examples

m My = {(p:not p) < T}
For X = (), we get
N ={(p;T)+ T}
minc (M) = {0}.
For X = {p}, we get
MNP ={(p; 1) « T}
minc (N{”) = {{p}}.
My = {p < not not p}
For X = (), we get M3 = {p + L} and minc (M%) = {0}.
For X = {p}, we get I'Iép} ={p<« T} and ming(l'lép}) = {{p}}-
In general,

F < G, not not H s equivalentto F ;not H<+ G
F; not not G < H s equivalentto F < H,not G
not not not F is equivalent to not F

w |ntuitionistic Logics HT (Heyting, 1930) and G3 (Godel, 1932)
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Examples

Two examples

m [y ={(p;not p)« T}
m For X = (), we get
w0 ={(p;T) T}
m minc(N?) = {0}. v
m For X = {p}, we get
n N7 ={(p: L)+ T}
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m For X = (), we get
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Examples

Two examples

m [y ={(p;not p)« T}
m For X = (), we get
m Ny ={(p;T)« T}
m minc(N?) = {0}. v
m For X = {p}, we get
n NP ={(p; 1) < T}
= minc(N{”) = {{p}}. v
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m For X =0, we get N9 = {p <~ L} and minc(N9) = {0}. v/
m For X = {p}, we get I'Iép} ={p<+ T} and ming(l'lép}) ={{p}}. v
m In general,

m F < G, not not H isequivalentto F ;not H<+ G
m F; not not G+ H isequivalentto F <« H,not G
m not not not F is equivalent to not F

w |ntuitionistic Logics HT (Heyting, 1930) and G3 (Godel, 1932)
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Examples

Some more examples

M3 = {p<+(q,r);(not g,not s)}
My = {(p;not p),(q;not q),(r;not r)« T}
Ms = {(p;not p),(q;notq),(r;notr)« T, L< p,q}
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Implementation

Implementation

nlp http://www.cs.uni-potsdam.de/ torsten/nlp
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Syntax

Propositional theories

m Formulas are formed from

m propositional atoms and
[

using
m conjunction (A),
m disjunction (V), and
m implication (—).

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 98 / 363



Syntax

Propositional theories

m Formulas are formed from

m propositional atoms and
[

using
m conjunction (A),
m disjunction (V), and
m implication (—).
m Notation
T = (L—>1)
~F = (F— 1) (or: not F)

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 98 / 363



Syntax

Propositional theories

m Formulas are formed from

m propositional atoms and
m L
using
m conjunction (A),
m disjunction (V), and
m implication (—).

m Notation
T = (L—>1)
~F = (F—=1) (or: not F)

m A propositional theory is a finite set of formulas.
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Semantics

Reduct
[21]
m The satisfaction relation X |= F between a set X of atoms and

a (set of) formula(s) F is defined as in propositional logic.

m The reduct, FX, of a formula F relative to a set X of atoms is
defined recursively as follows:
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Semantics

Reduct
[21]

m The satisfaction relation X |= F between a set X of atoms and
a (set of) formula(s) F is defined as in propositional logic.
m The reduct, FX, of a formula F relative to a set X of atoms is
defined recursively as follows:
m FX =1 if X | F
m FX=F if F e X
B FX=(GXoHX) ifX[EFand F=(GoH)foroe {AV,—}
- f F=~G= (G—>J_)
then FX = (L — 1) =T, if X £ G, and FX = L, otherwise.
m The reduct, FX, of a propositional theory F relative to a set X of
atoms is defined as

FX={FX|F e F}.
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Semantics

Answer sets

m The set of all C-minimal sets of atoms satisfying a propositional
theory F is denoted by minc(F).

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 100 / 363



Semantics

Answer sets

m The set of all C-minimal sets of atoms satisfying a propositional
theory F is denoted by minc(F).

m A set X of atoms is an answer set of a propositional theory F if
X € minc(FX).

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 100 / 363



Semantics

Answer sets

m The set of all C-minimal sets of atoms satisfying a propositional
theory F is denoted by minc(F).

m A set X of atoms is an answer set of a propositional theory F if
X € minc(FX).

m If X is an answer set of F, then

s X = F and
= minc (FX) = {X}.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 100 / 363



Semantics

Answer sets

m The set of all C-minimal sets of atoms satisfying a propositional
theory F is denoted by minc(F).

m A set X of atoms is an answer set of a propositional theory F if
X € minc(FX).
m If X is an answer set of F, then

m X =F and
= minc (FX) = {X}.
1= |n general, this does not imply X € minc (F)!
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Examples

Two examples

. F— {pV (oo (@A)
For X ={p, q, r}, we get
FP = {pv(p—(aAr)} and minc(FP) = {0},
For X = (), we get
Fl={1Vv (L= 1)} and minc(F?) = {0}.

Fa={pV(~p—(qAr))}
For X = (), we get
]—“2@ ={1l} and ming(}}@) = .
For X = {p}, we get
FPY = {pv (L = 1)} and minc(FP) = {0},
For X = {q, r}, we get
Fi4 = {1V (T = (gAn)} and minc(F") = {{q,r}}.
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Relationship with Logic Programs

Relationship with logic programs

m The translation, 7[(F < G)], of a (nested) rule (F < G) is defined
recursively as follows:
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T[l] = 1,

T[T]=T,
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Relationship with Logic Programs

Relationship with logic programs

m The translation, 7[(F < G)], of a (nested) rule (F < G) is defined

recursively as follows:

m 7[(F « G)] = (7[G] — T[F]),
T[l] = 1,
T[T]=T,
T[F]=F if F is an atom,
T[not F| = ~T[F],
7[(F, G)] = (r[F] A 7[G]),
7[(F; 6)] = (7[F] v 7[G]).

m The translation of a logic program I is 7[[] = {7[r] | r € M}.

= Given a logic program I1 and a set X of atoms,
X is an answer set of M iff X is an answer set of 7[I].
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Relationship with Logic Programs

Logic programs as propositional theories

m The normal logic program Il = {p < not q, q < not p}
corresponds to T[] = {~qg — p, ~p — q}.
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Logic programs as propositional theories

m The normal logic program Il = {p < not q, q < not p}
corresponds to T[] = {~qg — p, ~p — q}.
= Answer sets: {p} and {q}

m The disjunctive logic program = {p;q+}
corresponds to T[] ={T — pV q}.
= Answer sets: {p} and {q}

m The nested logic program 1 = {p < not not p}
corresponds to T[] = {~~p — p}.
= Answer sets: () and {p}
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Classical Negation
Overview

Syntax

Semantics

Examples
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Syntax

Syntax

Status quo
m In logic programs not (or ~) denotes default negation.

We allow classical negation for atoms (only!).
Logic programs in “negation normal form.”

Given an alphabet A of atoms, let A= {-A|Ac A}.
We assume AN A = (.

The atoms A and —A are complementary.
—A is the classical negation of A, and vice versa.
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Syntax

Syntax

Status quo
m In logic programs not (or ~) denotes default negation.
Generalization

m We allow classical negation for atoms (only!).
= | ogic programs in “negation normal form.”

m Given an alphabet A of atoms, let A = {-A| A c A}.
1= We assume AN A = ().

m The atoms A and —A are complementary.
= —A is the classical negation of A, and vice versa.
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Semantics

Semantics

m A set X of atoms is consistent, if X N {=A|Ae (AN X)} =1,
and inconsistent, otherwise.

A set X of atoms is an answer set of a logic program I over AU A if
X is an answer set of MU {B + A, —-A|Aec A, Be (AU A)}

The only inconsistent answer set (candidate) is X = AU A.

For a normal or disjunctive logic program I over AU A,
exactly one of the following two cases applies:

All answer sets of [1 are consistent or
X = AU A is the only answer set of .
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Examples

To cross or not to cross. .. ?

My = {cross + not train}
Answer set: {cross}

My = {cross < —train}
Answer set: ()

M3 = {cross < —train, —train <}
Answer set: {cross, —train}

M4 = {cross < —train, —train <—, —cross <}
Answer set: {cross, —cross, train, —train}

Ms = {cross < —train, —train <— not train, —cross <}

No answer set
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Examples

Example

ml={p«, -p<, g« notr}
M =NU{A<« (B,~B), ~A« (B,—~B)| A B¢€ {p.q,r}}
Answer set: {p,—p, q,—q,r,—r}
N={p;qg«, r<p, -r<p}
MN'=NU{A+« (B,~B), ~A« (B,~B)| A B¢€ {p.q,r}}
Answer set: {q}
M={p;not p< T, =p;not g« T, q;not g« T}
N=NU{A+ (B,-B), A+ (B,-B) | A,Be{p,q}}

)

Answer sets: 0, {p}, {-p}, {—-p,q}, and {p,—p, q,q}
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Answer set: {p,—p,q,—q,r,—r}

mll={p;qg, rp, -r<p}
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Examples

Complexity
[13]
Let A be an atom and X be a set of atoms.

m For a positive normal logic program I1:
m Deciding whether X is the answer set of [1 is P-complete.
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Examples

Complexity (ctd)

m For a positive disjunctive logic program [1:
m Deciding whether X is an answer set of 1 is co-NP-complete.
Deciding whether A is in an answer set of I is NPNP-complete.

For a disjunctive logic program [1:

Deciding whether X is an answer set of 1 is co-NP-complete.
Deciding whether A is in an answer set of 1 is NPNP-complete.

For a nested logic program [1:

Deciding whether X is an answer set of 1 is co-NP-complete.
Deciding whether A is in an answer set of 1 is NPNP-complete.

For a propositional theory F:

Deciding whether X is an answer set of F is co-NP-complete.
Deciding whether A is in an answer set of F is NPNP-complete.
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Motivation

Language extensions

m The expressiveness of a language can be enhanced by introducing new
constructs.
m To this end, we must address the following issues:

m What is the syntax of the new language construct?
m What is the semantics of the new language construct?
m How to implement the new language construct?
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Motivation

Language extensions

m The expressiveness of a language can be enhanced by introducing new
constructs.
m To this end, we must address the following issues:

m What is the syntax of the new language construct?
m What is the semantics of the new language construct?
m How to implement the new language construct?

m A way of providing semantics is to furnish a translation removing the
new constructs, eg. classical negation.

m This translation might also be used for implementing the language
extension. When is this feasible?
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Choice Rules

Choice rules
[73]
Idea Choices over subsets.

Syntax
{A1,.. ., Am} < Amt1, -, An,not Apia, ..., not Ao,

Informal meaning If the body is satisfied in an answer set,
then any subset of {A;,...,An} can be included in the
answer set.

Example The program M = { {a} <~ b, b <} has two answer sets:
{b} and {a, b}.
Implementation Iparse/gringo + smodels/cmodels/nomore/clasp
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Choice Rules

Embedding in normal logic programs
m A choice rule of form

{Al,.. . 7Am} — Am+1,...,An,not A,H_l,.. ., hot Ao

can be translated into 2m + 1 rules

A «— Amii,...,Ap,not Apia,...,not A,

A1« A, not Ay Am < A not An,

Al <« not A; ... Am <+« not Anm

by introducing new atoms A, Aq,..., A,
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Cardinality Constraints

Cardinality constraints

Syntax A (positive) cardinality constraint is of the form

I {A1,....,Am} u

Informal meaning A cardinality constraint is satisfied in an answer set X,
if the number of atoms from {As,...,An} satisfied in X is
between / and u (inclusive).
More formally, if | < |[{A1,...,An} N X| < u.

Conditions I {A1:B1,...,Am:Bn} u
where Bi, ..., By are used for restricting instantiations of
variables occurring in Ay, ..., An.
Example 2 {hd(a),...,hd(m)} 4

Implementation Iparse/gringo + smodels/cmodels/nomore/clasp
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Cardinality Constraints

n-colorability revisited

with n =3

C(l) vertex(1) « edge(1,2) <«

vertex(2) ¢+ edge(2,3) <«

vertex(3) edge(3,1) <«
C(P) color(r) < color(b) <« color(g) «+

1 {colored(V,C) : color(C)} 1 <«  vertex(V)

+ edge(V,U),color(C),
colored(V,C),colored(U,C)

Answer set | { colored(1,r), colored(2,b), colored(3,g), ...}

Torsten Schaub (KRRQUP)
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Cardinality Rules

Cardinality rules
[73]

Idea Control cardinality of subsets.

Syntax
Ao« I {A1,...,Am,not Api1, ..., not Ap}

Informal meaning If at least / elements of the “body” are true in an
answer set, then add Ap to the answer set.

= [ is a lower bound on the “body”
Example The program N = { a < 1{b,c}, b <} has one answer set:
ENS
Implementation Iparse/gringo + smodels/cmodels/nomore/clasp
1= gringo distinguishes sets and multi-sets!
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Cardinality Rules

Embedding in normal logic programs (ctd)

m Replace each cardinality rule
Ao%/{Al,...,Am} by A()%CC(A;[,/)

where atom cc(A;, ) represents the fact that at least j of the atoms
in {A;,...,An}, that is, of the atoms that have an equal or greater
index than i/, are in a particular answer set.
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Cardinality Rules

Embedding in normal logic programs (ctd)

Replace each cardinality rule
Ao%/{Al,...,Am} by A()%CC(A;[,/)

where atom cc(A;, ) represents the fact that at least j of the atoms
in {A;,...,An}, that is, of the atoms that have an equal or greater
index than i/, are in a particular answer set.

The definition of cc(A;, ) is given by the rules

cc(Ai,j+1) < cc(Aig1.)), Ai
CC(Ai7.j) < CC(AI'+17.j)
cc(Am+1,0)

What about space complexity?
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Cardinality Rules

and vice versa

m A normal rule
Ao < A1, ..., Am,not Ami1,...,not Ap,
can be represented by the cardinality rule

Ao < n+m{As, ..., An,not Ami1,...,not Ap}.
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Cardinality Rules

Cardinality rules with upper bounds
m A rule of the form
Ag </ {Al,...,Am,not Am+1,-..,not An} u

stands for
Ay < B,not C
B « [I{Ai,...,An,not Api1,...,not Ap}
C «+ u+1{A,...,An,not Ami1,...,not A,}
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m A rule of the form

/{Al,...,Am} U<+ Amii,-..,Ap,not Apy1,...,not Ao,

stands for
B
{A1,..., Am}
C

Torsten Schaub (KRRQUP)

Cardinality Rules

T T

Cardinality constraints as heads

Am+]_, 5oy A,-,, not An+17 ..., hot Ao
B

I {A1,..., Am} u

B, not C
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Cardinality Rules

Full-fledged cardinality rules
m A rule of the form
/0 50 UO<—/1 51 ul,...,/,, S,-, up

stands for 0 </ < n

= S
G + u+15;
A < Bi,....,B,,not Cq,..., not C,
<+ A, not By
+— A G
S5NA «— A

where A is the underlying alphabet.
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Cpo= =l Gy
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Weight Constraints (and more)

Weight constraints
[73]
Syntax [ [A1 =wi,...,Am = wp,
not Amii1 = Wmyi,...,not Ay = wp| u
Informal meaning A weight constraint is satisfied in an answer set X, if

| < Z w;i + Z wi | <u.

1<i<m,A;eX m<i<n,A:gX

w Generalization of cardinality constraints.
Example 80 [hd(a)=50,...,hd(m)=100] 400

Implementation Iparse/gringo + smodels/cmodels/nomore/clasp
1= gringo distinguishes sets and multi-sets!
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Weight Constraints (and more)

Optimization statements
[73]

Idea Compute optimal answer sets by minimizing or maximizing a

weighted sum of given atoms, respectively.

Syntax
m minimize [Ai=wi,...,Am=Wn,
not Am+1=Wmi1, .., not Ap=wp]
m maximize [A1=wi,...,Am=Wmn,
not Am+1=Wmi1,...,not Ap=w,]
Several optimization statements are interpreted
lexicographically.
Example

m minimize [hd(a)=30,...,hd(m)=50]
m minimize [road(X,Y) : length(X,Y,L) = L]
Implementation Iparse/gringo + smodels/cmodels/nomore/clasp
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Weight Constraints (and more)

Weak integrity constraints
[50]

Syntax :~ Aj,...,Am,not Apmi1,...,not A, [w: ]
Informal meaning

minimize the sum of weights of violated constraints in
the highest level,

minimize the sum of weights of violated constraints in
the next lower level;

etc

Implementation dlv
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Semantics by Embedding

Embedding in nested logic programs
[22]
For formulas F, F1, ..., F,, define

m<—Fasl <« F
m{Fi...,F,}¢ as (Fi;not Fi),...,(Fn;not Fp)
= corresponds to choice over subsets (see above)

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011

126 / 363



Semantics by Embedding

Embedding in nested logic programs
[22]
For formulas F, F1, ..., F,, define

m<—Fasl <« F
m{Fi...,F,}¢ as (Fi;not Fi),...,(Fn;not Fp)
= corresponds to choice over subsets (see above)

For example,

n:{ {p,q}° : e }

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011

126 / 363



Semantics by Embedding

Embedding in nested logic programs

[22]
For formulas F, Fy,..., F,, define
m<— Fas |l <+ F
m{Fi...,F,}¢ as (Fi;not Fi),...,(Fn;not Fp)
= corresponds to choice over subsets (see above)
For example,
(o}
Nn= { {p g}t < } stands for
— Pq
(p;not p),(q;not q) <
L <+~ pa
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Semantics by Embedding

Embedding in nested logic programs (ctd)

For formulas F4,..., F,, define
m/{F,... . F,} as \V  (Fu,.. . Fp)

1<ip<--<i<n
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Semantics by Embedding

Embedding in nested logic programs (ctd)

For formulas F4,..., F,, define
m/{F,... . F,} as \V  (Fu,.. . Fp)

1<ip<--<i<n

m {F,...,F}u as not (u+1{Fi,...,Fn})
m/{F,...,F}u as (I {F,....,Fn}), {F1,...,Fn} v)
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Semantics by Embedding

An example
{p.q,r}c «
Mn= «— 2{p,q,r} stands for
«~ {p,q,r} 0
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Semantics by Embedding

An example
{p.q,r}c «
Mn= «— 2{p,q,r} stands for
«~ {p,q,r} 0

(p;not p),(q;not q),(r;not r) <
L« (p,q):(p,r):(q,r)
L « not(p;q;r)

Answer sets ? {p}, {q}, and {r} !
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Semantics by Embedding

Embedding in nested logic programs (ctd)

For formulas F4,..., F,, define
m/{F,...,Fa}° as ({F,. - Fa}, 1 {F,...,Fa}
m {Ff,...,F}u as {F,.-- Fa}s, {F,....,Fa} vu)
m/{F,...,F}u as {F,. - Fa}, 1 {F1,...,Fa} )
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Semantics by Embedding

Embedding in nested logic programs (ctd)

For formulas F4,..., F,, define
m/{F,...,Fa}° as ({F,. - Fa}, 1 {F,...,Fa}
m {Ff,...,F}u as {F,.-- Fa}s, {F,....,Fa} vu)
m/{F,...,F}u as {F,. - Fa}, 1 {F1,...,Fa} )

= corresponds to cardinality constraints (see above)

The program

1{p,q,r}° 1+«

has the same answer sets as the previous one.
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Semantics by Embedding

A closer look

1{p,q,r} 2+« versus 1{p,q,r}c2+«

1{p,q,r} 2+«
(1{p.q,r}).({p,q,r} 2) <
= (pigir),not (3{p,q,r})
= (p;q;r),not (p,q,r)«

1{p,q,r} 2«
= 1{p.q,r} 2 {p,q,r}«
= (piqir).not (p.q,r),((p:not p),(q;not q),(r;not r))

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 130 / 363



Semantics by Embedding

A closer look

1{p,q,r} 2+« versus 1{p,q,r}c2+«

1{p,q,r} 2+«

= (1{p.q,r}).({p,q,r} 2) <
(piqg;r),not (3{p,q,r}) <«
= (piqgir),not (p,q,r) <«

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 130 / 363



Semantics by Embedding

A closer look

1{p,q,r} 2+« versus 1{p,q,r}c2+«

1{p,q,r} 2+«
(1{p.a,r}).({p,q,r} 2) <
= (piqg;r),not (3{p,q,r})
= (piqgir),not (p,q,r) <«

1{p,q,r}c 2+«
= 1{p.q,r} 2 {p,q,r} <
(piqir),not (p,q.r),((pinot p),(q:not q),(r;not r)) «

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 130 / 363



Semantics by Embedding

A closer look (ctd)

(1 {p,q,r} 2)¥
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Semantics by Embedding

A closer look (ctd)

(1 {p,q,r} 2)¥
= (1{p.q,r} 2)* +
= (piq:r)* (not (p,q,r))< «
= (piqir),(not (p,q,r))* «

(1 {p,q,r}c2+)*
= (1{p,q.r}2)* +
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(
(
(
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Semantics by Embedding

A closer look (ctd)
Consider X = {p, q}

(1{p,q,r}2«)Pa

= (p:q;r),(not (p,q,r))P9t

(p;gir), T«

= (piq;r)«
(1 {p,q,r}c 2 )Pa

— (P e 'r) (not ( p,q,r )){p,q}

((p: (not p)P9) (q ; (not q)tP9h), (r ; (not r)tPat)) «
= (piq:r), T,((p:L),(g:L),(r:T))«
= (p:q:r),(p,q) <
= (p,q) +
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= (p;q;r)«
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Semantics by Embedding

A closer look (ctd)
Consider X = {p, q}

(1 {p,q,r} 2 )lPs

= (p:qir),(not (p,q,r))Pe

(Pig;r), T <«

= (p;q:r) «
(1 {p,q,r}c2«)Pa

= (piq:r) (not (p,q,r))P%,

((p s (not p)tP9), (q; (not q)PT), (r; (not r)tPa})) «
= (piq:r), T,((p:L),(g:L),(r:T))«
= (piqir)(p,q) «
= (p,q)
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Modeling Practice

Usage in 1parse and gringo

In 1parse and gringo,
rule bodies may include

I {Fi,... Fn}
{F]_“..,Fn} u
I {F,....,Fo} u
rule heads may include
{F,..., Fn}¢
I {F,... Fe
{Fl....,Fn}CU

I {F1,...,Fa}< u
but dropping superscript ©

For instance, {p,q,r} :- {p,q,r} 2 stands for
{p,q,r}c < {p,q,r} 2.
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] {Fl,...,F,,}U
m/{F,...,F,}u

m rule heads may include
m {F,...,F,}°
m/{F,. ..., F.}°
m {F,... F}cu
m/{F,...,F,}cu
m but dropping superscript ©

m For instance, '{p,q,r} :- {p,q,r} 2’ stands for
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Modeling Practice

Conditional literals in 1parse and gringo

m We often want to encode the contents of a (multi-)set rather than
enumerating each of the elements.
m To support this, 1parse and gringo allow for conditional literals.

Syntax
Ap: At ..t Apinot Apy1 i ... not A,
Informal meaning
List all ground instances of Ag such that corresponding
instances of Ay, ..., Am, not Api1,...,not A, are true.
Example
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Modeling Practice

Conditional literals in 1parse and gringo

m We often want to encode the contents of a (multi-)set rather than
enumerating each of the elements.
m To support this, 1parse and gringo allow for conditional literals.

Syntax
Ap: At ..t Apinot Apy1 i ... not A,
Informal meaning
List all ground instances of Ag such that corresponding
instances of Ay, ..., Am, not Api1,...,not A, are true.
Example
gringo instantiates the program:
p(1). p(2). p(3). q(2).
{rX) : p(X) : not q(X)}.
to:
p(1). p(2). p(3). q(2).
{r(1), r(3)%.
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Modeling Practice

Domain predicates in 1parse and gringo

m The predicates of literals on the right-hand side of a colon (:) must be
defined from facts without any negative recursion.

m Such domain predicates are fully evaluated by 1parse and gringo.

Example
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Modeling Practice

Domain predicates in 1parse and gringo

m The predicates of literals on the right-hand side of a colon (:) must be
defined from facts without any negative recursion.

m Such domain predicates are fully evaluated by 1parse and gringo.
Example

p(1). p(2).

qX) :- p(X), not p(X+1).
q(X) - p(X), q(X+1).
r(X) :- p(X), not r(X+1).

m p/1 and g/1 are domain predicates because none of
them negatively depends on itself.

m r/1 is not a domain predicate because it is defined in
terms of not r(X+1).
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Modeling Practice

Domain predicates in 1parse and gringo

m The predicates of literals on the right-hand side of a colon (:) must be
defined from facts without any negative recursion.

m Such domain predicates are fully evaluated by 1parse and gringo.
Example

p(1). p(2).

qX) :- p(X), not p(X+1).
q(X) - p(X), q(X+1).
r(X) :- p(X), not r(X+1).

m p/1 and g/1 are domain predicates because none of
them negatively depends on itself.

m r/1 is not a domain predicate because it is defined in
terms of not r(X+1).

See lparse and gringo documentations for further details.
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Modeling Practice

Normal form in 1parse and gringo

m Consider a logic program consisting of

m normal rules
m choice rules
m cardinality rules

m Such a format is obtained by 1parse or gringo

and directly implemented by smodels and clasp.
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Aggregates
Overview

Motivation

Syntax

Semantics
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Motivation

Motivation

m Aggregates provide a general way to obtain a single value from a
collection of input values given as a set, a bag, or a list.
m Popular aggregate (functions):
m Average
Count
Maximum
Minimum
Sum

m Cardinality and Weight constraints rely on Count and Sum aggregates.
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Syntax

Syntax

m An aggregate has the form:
F{Ai=w1,...,Am = Wm,not Ami1 = Wmy1,...,n0t Ap = wp) < k

where
m F stands for a function mapping multi-sets of Z to Z U {+o00, —00},
< stands for a relation between Z U {400, —o0} and Z,
k an integer,
A; is an atom, and
w; are integers

forl <i<n.
m For instance, sum (hd(a) = 30, ..., hd(m) = 50) < 300
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Semantics

Semantics
[21]

m A (positive) aggregate F (A1 = ws,..., A, = w,) < k can be
represented by the formula:

/\ /\ A,‘ = \/ A,‘
IC{1,....n}, F({wiliel) Ak \i€l iel

where [ = {1,...,n}\ I and 4 is the complement of <.

m Then, F (A1 = wi,...,Ap = wp) < k is true in X iff
the above formula is true in X.
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Semantics

An example

m Consider sum{(p=1,g=1) #1
w thatis, Ay =p, Ao=qgand wy =1, wp =1

m Calculemus!

| [ wiliel) | Swlieh|Swlich=1

0 () 0 false
{1} (1) 1 true
{2} (1) 1 true

{1,2} (1,1) 2 false
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Semantics

An example

m Consider sum{(p=1,g=1) #1
w thatis, Ay =p, Ao=qgand wy =1, wp =1

m Calculemus!

| [ wiliel) | Swlieh|Swlich=1

0 () 0 false
{1} (1) 1 true
{2} (1) 1 true

{1,2} (1,1) 2 false

m We get (p — q) A (q — p)
m Analogously, we obtain (pV q) A =(p A q) for sum(p=1,g=1) =1.
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Semantics

Monotonicity

Monotone aggregates
m For instance,

m body ™ (r)
msum{ip=1,g=1)>1
m We get a simpler characterization:
/\Ig{l,...,n},F(w,-\iel>74k \/i€7 Aj
Anti-monotone aggregates
m For instance,
m body™ (r)
msum{ip=1,g=1)<1
m We get a simpler characterization:
/\IC{l SnhF(wi|igl) A ﬁ/\/e/ Ai
Non-monotone aggregates
m For instance, sum(p =1, = 1) # 1 is non-monotone.
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Monotonicity

Monotone aggregates
m For instance,

m body ™ (r)
msum(p=1,g=1) >1 amountsto gAp

m We get a simpler characterization:
Nicqa,....ny Fowlien 4k Vier Ai
Anti-monotone aggregates

m For instance,

m body™ (r)
msum(p=1,g=1) <1 amountsto —-p A —q

m We get a simpler characterization:
/\IC{l SnhF(wi|igl) A ﬁ/\/e/ Ai
Non-monotone aggregates
m For instance, sum(p =1, = 1) # 1 is non-monotone.
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Motivation

(Towards) the smodels approach
[73]

m Wanted:
m An efficient procedure to compute answer sets
m The smodels approach:

m Backtracking search building a binary search tree
m A node in the search tree corresponds to a 3-valued interpretation
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Motivation

(Towards) the smodels approach
[73]

m Wanted:
m An efficient procedure to compute answer sets

m The smodels approach:
m Backtracking search building a binary search tree
m A node in the search tree corresponds to a 3-valued interpretation
m The search space is pruned by
m deriving deterministic consequences and detecting conflicts (expand)
® making one choice at a time by appeal to a heuristic (select)

= Heuristic choices are made on atoms
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Approximation

Approximating answer sets
First Idea Approximate an answer set X by two sets of atoms L and U

such that L C X C U.

L and U constitute lower and upper bounds on X.
L and (A\ U) describe a 3-valued model of the program.

X C Y implies MY C M implies Cn(NY) C Cn(NX)

Let X be an answer set of normal logic program [1.
If L C X, then X C Cn(N%).
If X C U, then Cn(MY) C X.
If LC X C U, then LU Cn(NY) C X C Un Cn(Nh).
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Observation
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Properties Let X be an answer set of normal logic program [1.
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Approximation

Approximating answer sets
First Idea Approximate an answer set X by two sets of atoms L and U

such that L C X C U.

w [ and U constitute lower and upper bounds on X.
w | and (A\ U) describe a 3-valued model of the program.

Observation

X C Y implies MY € NX implies Cn(NY) C Cn(NX)

Properties Let X be an answer set of normal logic program I1.
mIf L C X, then X C Cn(ﬂL).
m If X C U, then Cn(NY) C X.
miIf LC X CU, then LU Cn(FIU) cCXCUn Cn(I'IL).
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Approximation

Approximating answer sets (ctd)

Second Idea
Iterate

m Replace L by LU Cn(MY)
m Replace U by Un Cn(Nt)

until L and U do not change anymore.
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Iterate
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Observations
m At each iteration step
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Approximation

Approximating answer sets (ctd)

Second Idea
Iterate
m Replace L by LU Cn(MY)
m Replace U by Un Cn(Nt)
until L and U do not change anymore.
Observations
m At each iteration step
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m U becomes smaller (or equal)
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Approximation

Approximating answer sets (ctd)

Second Idea
Iterate
m Replace L by LU Cn(MY)
m Replace U by Un Cn(Nt)

until L and U do not change anymore.
Observations

m At each iteration step

m L becomes larger (or equal)
m U becomes smaller (or equal)

m L C X C U is invariant for every answer set X of [l
mif LZ U,
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Approximation

Approximating answer sets (ctd)

Second Idea
Iterate
m Replace L by LU Cn(MY)
m Replace U by Un Cn(Nt)

until L and U do not change anymore.
Observations

m At each iteration step

m L becomes larger (or equal)
m U becomes smaller (or equal)

m L C X C U is invariant for every answer set X of [l
m If L £ U, then I has no answer set!
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Approximation

Approximating answer sets (ctd)

Second Idea
Iterate
m Replace L by LU Cn(MY)
m Replace U by Un Cn(Nt)

until L and U do not change anymore.
Observations

m At each iteration step

m L becomes larger (or equal)
m U becomes smaller (or equal)

L € X C U is invariant for every answer set X of Il
If L Z U, then 1 has no answer set!
If L=U,
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Approximation

Approximating answer sets (ctd)

Second Idea
Iterate
m Replace L by LU Cn(MY)
m Replace U by Un Cn(Nt)

until L and U do not change anymore.
Observations

m At each iteration step

m L becomes larger (or equal)
m U becomes smaller (or equal)

L € X C U is invariant for every answer set X of Il
If L Z U, then 1 has no answer set!
If L = U, then L is an answer set of 1.
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Approximation

The simplistic expand algorithm

expand(L, V)
repeat
L'+ L
U «+u
L+ L'ucCn(nY
U<+ U'ncCn(Nt)
if L U then return
until L=1L"and U=U'

1= [] is a global parameter!
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Approximation

Let's expand!

a<+—

b < a, not ¢
d <+ b, not e
e+ notd

L’ Ccn(nY) L U cn(nty U
10 {a} {a}  {a,b,c,d,e} {a b,d,e} {a b,d, e}
2 {a} {a, b} {a,b} {a,b,d,e} {a,b,d,e} {a,b,d, e}
3 {a, b} {a b} {a,b} {a,b,d, e} {a,b,d,e} {a,b,d,e}

We have {a, b} C X and
(A\{a,b,d,e})NX={c}NnX)=10

for every answer set X of 1.
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Approximation

Let's expand!

a<+
m— b < a, not c
d < b, not e
e <+ not d
L Cn(NY") L U cn(nt) U
{a} {a} {a,b,c,d,e} {a,b,d,e} {a b,d e}

10
2 {a} {a, b} {a,b} {a,b,d, e} {a,b,d,e} {a, b,d, e}
3 {a,b} {a b} {a,b} {a,b,d,e} {a,b,d,e} {a,b,d,e}

= \We have {a, b} C X and
(A\{a,b,d,e})ﬂX:({c}mx):(/)

for every answer set X of 1.
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Approximation

The simplistic expand algorithm (ctd)

expand
m tightens the approximation on answer sets

B is answer set preserving
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Approximation

Let's expand with d !

a<

b < a, not ¢
= d <+ b, not e

e+ notd

L Ccn(nYy L U cn(nt) U

1 {d} {a} {a,d} {a,b,c,d,e} {a,b,d} {a,b,d}
2 {a,d} {a,b,d} {a,b,d} {a,b,d} {a,b,d} {a,b,d}
3 {a,b,d} {a,b,d} {a,b,d} {a, b,d} {a,b,d} {a,b,d}

{a, b,d} is an answer set X of I1.
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Approximation

Let's expand with d !

a<
m— b < a, not c

d < b, not e

e< notd

L' cn(nYy L U cn(nty U

1 {d} {a} {a,d} {a,b,c,d,e} {a,b,d} {a,b,d}
2 {ad} {a,b,d} {a,b,d} {a,b,d} {a,b,d} {a,b,d}
3 {a b, d} {a,b,d} {a b,d} {a, b,d} {a,b,d} {a,b,d}

w {a, b,d} is an answer set X of IN.
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Approximation

Let's expand with “not d" !

a<+—

b < a, not ¢
d <+ b, not e
e+ notd

L cn(nYy L U cn(nty U
10 {a, e} {a,e}  {a,b,c,e} {a,b,d,e} {a, b, e}
2 {{a,e} {a,b,e} {a,b,e} {a, b, e} {a, b, e} {a, b, e}
3

a,b,e} {a,b,e} {a b,e} {a b, e} {a, b, e} {a, b, e}
{a, b, e} is an answer set X of Il.
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Approximation

Let's expand with “not d" |

a<+
m— b < a, not c
d < b, not e
e< notd
L' cn(nYy L U cn(nty U
10 {a, e} {a,e}  {a,b,c,e} {a,b,d,e} {a, b, e}

2 {a e} {a,b,e} {a,b,e} {a, b, e} {a, b, e} {a, b, e}
3 {a b,e} {a b,e} {a b,e} {a b, e} {a, b, e} {a, b, e}

w {a, b, e} is an answer set X of I
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Partial Interpretations

Interlude: Partial interpretations
or: 3-valued interpretations
A partial interpretation of a logic program 1 maps atoms on truth values:
{true, false, unknown}.

Representation (T, F), where

m 7T is the set of all true atoms and
m F is the set of all false atoms.
m Truth of atoms in atom(MN) \ (T U F) is unknown.

i By atom([1), we denote the set of atoms occuring in [1.
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m T is the set of all true atoms and
m F is the set of all false atoms.
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Partial Interpretations

Interlude: Partial interpretations

or: 3-valued interpretations

A partial interpretation of a logic program 1 maps atoms on truth values:
{true, false, unknown}.
Representation (T, F), where

m 7T is the set of all true atoms and
m F is the set of all false atoms.
m Truth of atoms in atom(MN) \ (T U F) is unknown.

i By atom([1), we denote the set of atoms occuring in [1.
Properties m (T, F) is conflicting iff T N F = ().
m (T,F)is total iff TUF = atom(M) and T NF = 0.
Definition For (T1, F1) and (T, F), define:
| | <T1,F1> E <T2, F2> ifF Tl g T2 and Fl g F2
] <T1, F1> L (Tg, F2> = <T1 UTy FU F2>
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Basic Algorithms

The smodels (decision) algorithm

Global: Normal logic program [1

smodels((T, F))

(T,F) < expand((T, F))

if (T, F) is conflicting then return

else if (T, F) is total then exit with T

else
A < select(atom() \ (T U F))
smodels((T U {A}, F))
smodels((T, F U {A}))
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Basic Algorithms

The smodels (decision) algorithm

Global: Normal logic program [1

smodels((T, F))

(T,F) < expand((T, F))

if (T, F) is conflicting then return

else if (T, F) is total then exit with T

else
A < select(atom() \ (T U F))
smodels((T U {A}, F))
smodels((T, F U {A}))

Call: smodels((0,))
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Basic Algorithms

Deterministic consequences via expand

Global: Normal logic program [1
expand((T, F))
repeat
(T, F) < atleast({T, F))
if (T, F) is conflicting then return (T, F)
else
F'«~ F
F < F Uatmost((T, F))
until F = F'
return (T, F)

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011

154 / 363



Basic Algorithms

Deterministic consequences via expand

Global: Normal logic program [1
expand((T, F))
repeat
(T, F) < atleast({T, F))

if (T, F) is conflicting then return (T, F)
else

F'«~ F

F < F Uatmost((T, F))
until F = F/
return (T, F)

v atleast((T, F)) derives deterministic consequences from
Clark’s completion

v atmost((T, F)) derives deterministic consequences from
unfounded sets
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Basic Algorithms

A glimpse at atleast((T, F))

repeat
if (T, F) is conflicting then return (T, F)
(T',F') (T, F)
case of
r € N such that head(r) ¢ T and
body™(r) C T, body™(r) C F:
T + T U {head(r)}
A € (atom(MM) \ F) such that for all r € :
head(r) # A or (body™(r) N F) U (body (r)N T) # 0:
F < FU{A}
head(r) € F,r € I such that body™*(r) N body ™ (r) = 0 and
(body™ (1) \ T) U (body™(r) \ F) = {A}:
if A€ body™(r)then F <+ FU{A}else T < T U{A}
(A = head(r)) € T,r € I such that body™(r) Z T or body™ (r) Z F and
for all r' € M\ {r}: head(r') # A or (body™(r') N F)U (body (r')N T) # 0:
T < T Ubody™(r)
F < F U body~(r)

until (T, F) = (T, F')
return (T, F)
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Basic Algorithms

A glimpse at atleast((T, F))

repeat
if (T, F) is conflicting then return (T, F)
(T',F') (T, F)
case of

until (T, F) = (T, F’)
return (T, F)
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Basic Algorithms

A glimpse at atmost((T, F))
return Un(T, F)
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Basic Algorithms

A glimpse at atmost((T, F))

return
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Supported Models

Completion
[11]
Let 1 be a normal logic program,

and recall that atom([) denotes the set of atoms occurring in [1.
The completion of I1 is defined as follows:

Comp(bOd)/(r)) - /\Aebody*(r)A N /\Aebody’(r)_‘A
Comp(M) = {A <V cn head(r)=a Comp(body(r)) | A € atom(I)}

Every answer set of 1 is a model of Comp(IT), but not vice versa.
Models of Comp(I) are called the supported models of I1.
In other words, every answer set of I1 is a supported model of 1.

By definition, every supported model of 1 is also a model of 1.
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Supported Models

A first example

a + a & T
b + a b < a

M=< ¢ « b Comp(M) =1 ¢ « (bVd)
c « d d < (cAhe)
d <« c,e e — L
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A first example

a + a & T
b + a b < a

M=< ¢ « b Comp(M) =1 ¢ « (bVd)
c « d d < (cAhe)
d <« c,e e — L

m The supported model of I is {a, b, c}.
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Supported Models

A first example

a + a & T
b + a b < a

M=< ¢ « b Comp(M) =1 ¢ « (bVd)
c « d d < (cAhe)
d <« c,e e — L

m The supported model of I is {a, b, c}.

m The answer set of I is {a, b, c}.
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Supported Models

A second example

qg < notp q & P
n= Comp(M) =< p < (—gA—x)
p < not q,not x x o L
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Supported Models

A second example

qg < notp q & P
n= Comp(M) =< p < (—gA—x)
p < not q,not x x o L

m The supported models of I are {p} and {q}.
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Supported Models

A second example

qg < notp q & P
n= Comp(M) =< p < (—gA—x)
p < not q,not x x o L

m The supported models of I are {p} and {q}.
m The answer sets of 1 are {p} and {q}.
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Supported Models

A third example

NM={p«p} Comp(M)={p«p}
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A third example
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Supported Models

A third example

NM={p«p} Comp(M)={p«p}

m The supported models of I are () and {p}.

m The answer set of s () !
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Fitting Operator

Fitting operator: Basic idea

Idea Extend Tp to normal logic programs.

Logical background Completion
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Fitting Operator

Fitting operator: Basic idea

Idea Extend Tp to normal logic programs.
Logical background Completion

m The head atom of a rule must be true
if the rule’s body is true.
m An atom must be false

if the body of each rule having it as head is false.
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Fitting Operator

Fitting operator: Definition
[23]

Let 1 be a normal logic program.
Define
&q(T,F) =(Tn(T,F),Fn(T,F))

where
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Fitting Operator

Fitting operator: Definition
[23]

Let 1 be a normal logic program.
Define

®n(T,F) = (Tn(T,F),Fn(T, F))
where

Tn(T,F) = {head(r) | r € N, body™(r) C T, body (r) C F}
Fr(T,F) = {A € atom(N) | body™(r)NF # () or body (r)N' T # 0
for each r € I such that head(r) = A}
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Fitting Operator

Fitting operator: Example

M — a<+ c < a,not d e+ b
1=\ b« not a d < not c, not e e+ e

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 164 / 363



Fitting Operator

Fitting operator: Example

M — a<+ c < a,not d e+ b
1=\ b« not a d < not c, not e e+ e

Let's iterate ®p, on ({a},{d}):
®n, ({a}, {d}) =
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Fitting Operator

Fitting operator: Example

M — a<+ c < a,not d e+ b
1=\ b« not a d < not c, not e e+ e

Let's iterate ®p, on ({a},{d}):

(
®n,({a}, {d}) = ({a,c},{b})
®n,({a,c}, {b}) = ({a},{b,d})
®n, ({a}, {b,d})
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Fitting Operator

Fitting operator: Example

M — a<+ c < a,not d e+ b
1=\ b« not a d < not c, not e e+ e

Let's iterate ®p, on ({a},{d}):

(
®n,({a}, {d}) = ({a,c},{b})
®n,({a,c}, {b}) = ({a},{b,d})
®n,({a}, {b,d}) = ({ac}, {b})
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Fitting Operator

Fitting semantics

Define the iterative variant of ®n analogously to Tn:

®P(T,F) = (T,F) O T, F) = drodi(T,F)
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Fitting Operator

Fitting semantics

Define the iterative variant of ®n analogously to Tn:
o (T, F) = (T, F) O (T, F) = onop(T, F)

Define the Fitting semantics of a normal logic program [T as the
partial interpretation:

Lli=o®n(0,0)
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Fitting Operator

Fitting semantics: Example

M — a<+ c <+ a,not d e+ b
1=\ b« not a d < not c, not e e+ e
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Fitting Operator

Fitting semantics: Example

{a(— c <+ a,not d e<—b}
M, =

b < not a d < not c, not e e+ e

®Q (0,0) = (0, 0)
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Fitting Operator

Fitting semantics: Example

{a(— c <+ a,not d e<—b}
N, =
b < not a d < not c, not e e+ e
¢0|_|1 <®7 ®> _ <®7 ®>
d>1I'I1 <®7®> - ¢ﬂ1<®7®> =
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Fitting Operator

Fitting semantics: Example

M — a<+ c <+ a,not d e+ b
1=\ b« not a d < not c, not e e+ e

d)OI'I1< ) > = <®7®>
= ({a},0)
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Fitting Operator

Fitting semantics: Example

M — a<+ c <+ a,not d e+ b
1=\ b« not a d < not c, not e e+ e
¢0|_|1 <®7 ®> - <®7 Q)>
d>1I'I1 <®7®> — ¢ﬂ1<®7®> - <{a}7®>
®3, (0,0) = on({a}.0) = ({a},{b})
¢I§I1<®7®> = ¢ﬂ1<{a}7{b}> =
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Fitting Operator

Fitting semantics: Example

M — a<+ c <+ a,not d e+ b
1=\ b« not a d < not c, not e e+ e

op,(0,0) = @,0)
op, (0,0) = n,(0,0) = ({a},0)
o3, (0,0) = on({a}.0) = ({a},{b})
o3 (0,0) = on({a},{b}) = ({a}{b})
Liso ®h,(0,0) = ({a}, {b})
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Fitting Operator

Fitting semantics: Properties

Let 1 be a normal logic program.
m O (0, 0) is monotonic.
That is, ®%(0,0) C & (0, 0).
m The Fitting semantics of [1 is

m not conflicting,
m and generally not total.
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Fitting Operator

Fitting fixpoints

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.
Define (T, F) as a Fitting fixpoint of I if ®n(T,F) = (T,F).
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Fitting Operator

Fitting fixpoints

Let 1 be a normal logic program,

and let (T, F) be a partial interpretation.

Define (T, F) as a Fitting fixpoint of I if ®n(T,F) = (T,F).
m The Fitting semantics is the C-least Fitting fixpoint of I1.
m Any other Fitting fixpoint extends the Fitting semantics.
m Total Fitting fixpoints correspond to supported models.
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Fitting Operator

Fitting fixpoints: Example

M — a<+ c <+ a,not d e+ b
1=\ b« not a d < not c, not e e+ e

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 169 / 363



Fitting Operator

Fitting fixpoints: Example

M — a<+ c <+ a,not d e+ b
1=\ b« not a d < not c, not e e+ e

Iy has three total Fitting fixpoints:
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Fitting Operator

Fitting fixpoints: Example

M — a<+ c <+ a,not d e+ b
1=\ b« not a d < not c, not e e+ e

Iy has three total Fitting fixpoints:
({a,c},{b,d,e})
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Fitting Operator

Fitting fixpoints: Example

M — a<+ c <+ a,not d e+ b
1=\ b« not a d < not c, not e e+ e

Iy has three total Fitting fixpoints:
({a,c},{b,d,e})
({a,d}, {b,c,e})
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Fitting Operator

Fitting fixpoints: Example

M — a<+ c <+ a,not d e+ b
1=\ b« not a d < not c, not e e+ e

Iy has three total Fitting fixpoints:
({a,c}.{b,d,e})
({a,d},{b,c,e})

({a,c, e}, {b,d})
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Fitting Operator

Fitting fixpoints: Example

M — a<+ c <+ a,not d e+ b
1=\ b« not a d < not c, not e e+ e

Iy has three total Fitting fixpoints:
({a,c}.{b,d,e})
({a,d},{b,c,e})

({a,c, e}, {b,d})

3 has three supported models, two of them are answer sets.
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Fitting Operator

Properties of Fitting operator

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.

m Let ®n(T,F) = (T, F').
If X is an answer set of 1 such that T C X and X N F = ),
then T/ C X and X N F' = 0.

That is, ® is answer set preserving.
@ can be used for approximating answer sets and so for propagation
in ASP-solvers.

However, @ is still insufficient, because total fixpoints correspond to
supported models, not necessarily answer sets.
The problem is the same as with program completion.

The missing piece is non-circularity of derivations !
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Fitting Operator

Properties of Fitting operator

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.

m Let ®n(T,F) = (T, F').
If X is an answer set of Nl such that T C X and X N F = 0,
then T/ C X and X N F' = 0.

m That is, ®py is answer set preserving.
= @& can be used for approximating answer sets and so for propagation

in ASP-solvers.
However, @ is still insufficient, because total fixpoints correspond to
supported models, not necessarily answer sets.
1= The problem is the same as with program completion.

The missing piece is non-circularity of derivations !
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Fitting Operator
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Fitting Operator

e B S0, 0) = (0,0)
”‘{ b« } on(0.0) = (0.0)

That is, Fitting semantics cannot assign false to a and b,
although they can never become true !
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Implementation via smodels

Rebuilding atleast((T, F))

repeat from Fitting operator
if (T, F) is conflicting then return (T, F)
(T' F"y « (T,F)
case of

until (T, F) = (T',F')
return (T, F)

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 172 / 363



Implementation via smodels

Rebuilding atleast((T, F))

repeat from Fitting operator
if (T, F) is conflicting then return (T, F)
(T',F"y + (T,F)
case of
r € I such that head(r) ¢ T and
body™(r) C T, body™(r) C F:
T < T U {head(r)}
A € (atom(MM) \ F) such that for all r € I:
head(r) # A or (body™(r) N F) U (body ™ (r)N T) # 0:
F « FU{A}

until (T, F) = (T',F')
return (T, F)
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Implementation via smodels

Relationship with Fitting semantics

Let 1 be a normal logic program.

= atleast((0), 0)) = | |;»o®{(0.0)
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Implementation via smodels

Relationship with Fitting semantics

Let 1 be a normal logic program.

= atleast((0), 0)) = | |;»o®{(0.0)

What about supported models?
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Implementation via smodels

Relationship with Fitting semantics
Let 1 be a normal logic program.

= atleast((0), 0)) = | |;»o®{(0.0)

What about supported models?
Consider:

a< b b < not ¢ c <+ not b
M=
d<+ e e < not f f < not e

m atleast(({a},{d})) =
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Implementation via smodels

Relationship with Fitting semantics

Let 1 be a normal logic program.
m atleast((0,0)) = | |;=o®H(0,0)
What about supported models?

Consider:

a< b b < not ¢ c <+ not b
M=
d<+ e e < not f f < not e

m atleast(({a}, {d})) = ({a}, {d})

m The only supported model X of 1 such that a€ X and d ¢ X is
{a,b,f} !
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Implementation via smodels

Relationship with Fitting semantics
Let 1 be a normal logic program.

= atleast((0), 0)) = | |;»o®{(0.0)

What about supported models?
Consider:

a< b b < not ¢ c <+ not b
M=
d<+ e e < not f f < not e

m atleast(({a}, {d})) = ({a}, {d})

m The only supported model X of 1 such that a€ X and d ¢ X is

{a,b,f}!

We can enhance atleast((T, F)) by backward propagation !
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Implementation via smodels

Rebuilding atleast((T, F))

repeat from supported models
if (T, F) is conflicting then return (T, F)
(T',F"y + (T,F)
case of
r € I such that head(r) ¢ T and
body™(r) C T, body™(r) C F:
T < T U {head(r)}
A € (atom(MM) \ F) such that for all r € I:
head(r) # A or (body™(r) N F) U (body ™ (r)N T) # 0:
F+ FU{A}

until (T, F) = (T',F')
return (T, F)
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Implementation via smodels

Rebuilding atleast((T, F))

repeat from supported models
if (T, F) is conflicting then return (T, F)
(T',F"y + (T,F)
case of
r € I such that head(r) ¢ T and
body™(r) C T, body™(r) C F:
T < T U {head(r)}
A € (atom(MM) \ F) such that for all r € I:
head(r) # A or (body™(r) N F) U (body ™ (r)N T) # 0:
F < FU{A}
head(r) € F,r € N such that body™(r) N body ™ (r) = () and
(body™(r)\ T) U (body™(r) \ F) = {A}:
if A€ body*(r) then F « F U {A} else T < T U{A}
(A = head(r)) € T,r € N such that body™(r) Z T or body (r) Z F and
for all r' € M\ {r}: head(r’) # A or (body™(r') N F)U (body(r')N T) # 0:
T < T U body™(r)
F < F U body(r)

until (T, F) = (T',F')
return (T, F)
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Implementation via smodels

Relationship with supported models

Let M be a normal logic program and (T, F) a total interpretation.
m atleast((T,F)) = (T,F) iff T is a supported model of
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Let M be a normal logic program and (T, F) a total interpretation.
m atleast((T,F)) = (T,F) iff T is a supported model of

Assuming atmost((T, F)) =0 for all (T, F),
we can apply smodels to compute supported models !

Reconsider:
no—4 2a< c < a,not d e« b
1= b+ not a d « not c, not e e+ e
Call Interpretation Result
smodels (0, 0)
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Let M be a normal logic program and (T, F) a total interpretation.
m atleast((T,F)) = (T,F) iff T is a supported model of

Assuming atmost((T, F)) =0 for all (T, F),
we can apply smodels to compute supported models !

Reconsider:
a<+ c < a,not d e+ b
n =
b < not a d < not c, not e e+ e
Call Interpretation Result
smodels (0, 0)
expand (0, 0)
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Implementation via smodels

Relationship with supported models
Let M be a normal logic program and (T, F) a total interpretation.
m atleast((T,F)) = (T,F) iff T is a supported model of

Assuming atmost((T, F)) =0 for all (T, F),
we can apply smodels to compute supported models !

Reconsider:
a<+ c < a,not d e+ b
n =
b < not a d < not c, not e e+ e
Call Interpretation Result
smodels (0,0)
expand (0, 0) ({a},{b})

select ({a},{b})
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Implementation via smodels

Relationship with supported models
Let M be a normal logic program and (T, F) a total interpretation.
m atleast((T,F)) = (T,F) iff T is a supported model of

Assuming atmost((T, F)) =0 for all (T, F),
we can apply smodels to compute supported models !

Reconsider:
a<+ c < a,not d e+ b
n =
b < not a d < not c, not e e+ e
Call Interpretation Result
smodels (0,0)
expand (0, 0) ({a},{b})

select ({a}, {b}) ({a, e}, {b})
expand | ({a,e}, {b})
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n =
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Call Interpretation Result
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Implementation via smodels

Relationship with supported models
Let M be a normal logic program and (T, F) a total interpretation.
m atleast((T,F)) = (T,F) iff T is a supported model of

Assuming atmost((T, F)) =0 for all (T, F),
we can apply smodels to compute supported models !

Reconsider:
{ae c <+ a,not d e<—b}
n =
b < not a d < not c, not e e+ e
Call Interpretation Result
smodels (0,0)
expand (0, 0) ({a},{b})

select ({a}, {p}) ({a, e}, {b})
expand | ({a e}, {b}) | ({a,c e}, {b,d})
smodels <®, ®> {37 G, e}
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Tightness

(Non-)cyclic derivations

m Cyclic derivations are causing the mismatch between supported
models and answer sets.

m Atoms in an answer set can be “derived” from a program in a finite
number of steps.

m Atoms in a cycle (not being “supported from outside the cycle")
cannot be “derived” from a program in a finite number of steps.
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Tightness

(Non-)cyclic derivations

m Cyclic derivations are causing the mismatch between supported
models and answer sets.

m Atoms in an answer set can be “derived” from a program in a finite
number of steps.

m Atoms in a cycle (not being “supported from outside the cycle")
cannot be “derived” from a program in a finite number of steps.

== But they do not contradict the completion of a program.
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Tightness

Non-cyclic derivations

Let X be an answer set of normal logic program 1.
m For every atom A € X, there is a finite sequence of positive rules

(M. .y rn)

such that

head(r)) = A,
body™ (r;) C {head(r;) | i <j < n}for1<i<n,

BrieclXforl1<i<n.
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(M. .y rn)

such that
head(r)) = A,
body™ (r;) C {head(r;) | i <j < n}for1<i<n,
reMXforl1<i<n.

m That is, each atom of X has a non-cyclic derivation from MX.
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Tightness

Non-cyclic derivations

Let X be an answer set of normal logic program 1.

m For every atom A € X, there is a finite sequence of positive rules

(M. .y rn)

such that
head(r)) = A,
body™ (r;) C {head(r;) | i <j < n}for1<i<n,
reMXforl1<i<n.

m That is, each atom of X has a non-cyclic derivation from MX.

m Is a derivable from program {a « b, b+ a} ?
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Tightness

Positive atom dependency graph

Let 1 be a normal logic program.
The positive atom dependency graph of [1 is a directed graph
G(M) = (V, E) such that

V = atom(I) and

E=1{(p,q) | reN,pe body*(r), head(r) = q}.
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Tightness

Examples

a< notb b < not a -
My =<{ c<¢ a,notd d + a, not ¢ c/ \d

e+ c,not a e <+ d,not b b
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a< not b
My =< c<+ a,not d
e < c,not a

a< not b
M3 = C < not a
d<+ ab

Torsten Schaub (KRRQUP)

Tightness

Examples

b <+ not a
d < a, not c

e <+ d,not b Y~ b

b < not a c— =

c+d /T
d+c ; b

Answer Set Programming July 4, 2011 179 / 363



Tightness

Tight programs
[20]

m A normal logic program [ is tight iff G(I) is acyclic.

m For example, I, is tight, whereas I3 is not.
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Tightness

Tight programs
[20]

m A normal logic program [ is tight iff G(I) is acyclic.
m For example, [ is tight, whereas [13 is not.
m If a normal logic program [1 is tight, then

X is an answer set of I iff X is a model of Comp(I).

That is, for tight programs, answer sets and supported models
coincide.
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Tightness

Tight programs
[20]

A normal logic program [ is tight iff G(I1) is acyclic.

For example, I5 is tight, whereas [l3 is not.

If a normal logic program [ is tight, then

X is an answer set of I iff X is a model of Comp(I).
That is, for tight programs, answer sets and supported models
coincide.

Also, for tight programs, ®p is sufficient for propagation.
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Tightness

(Non-)tight programs: Examples

a< not b b <+ not a
My=< c+ a,not d d < a, not c
e+ c,not a e+ d,not b

c/e\d
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Tightness

(Non-)tight programs: Examples

e
a< not b b < not a
c/ \d

My=< c+ a,not d d < a, not c

e+ c,not a e+ d,not b \a/ b
Answer sets: {{a,c},{a,d, e}, {b}}
Supported models: {{a,c},{a,d, e}, {b}}
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Tightness

(Non-)tight programs: Examples

a< not b b <+ not a /e\d
My=< c+ a,not d d < a, not c g

e+ c,not a e+ d,not b

Answer sets: {{a,c}, {a.d, e}, {b}}
Supported models: {{a;c}t. {a,d, e}, {b}}
a< not b b+ not a c—______——d
M3 =< c< not a c+d /T
d<+ a,b d+ c a b
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Tightness

(Non-)tight programs: Examples

e
a< not b b <+ not a
My=1<¢ c<« a notd d < a,not c C< >d
e+ c,not a e+ d,not b = b
Answer sets: {{a,c},{a,d, e}, {b}}
Supported models: {{a,c},{a,d, e}, {b}}
a< not b b+ not a (o —
M3 =< c< not a c+d /T
d<+ a,b d+ c a b
Answer sets: {{a}, {b,c,d}}
Supported models: {{a},{b,c,d},{a,c,d}}
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Definitions

Unfounded sets
[77]

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.
A set U C atom(I) is an unfounded set of I with respect to (T, F) if,
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for each rule r € T1, we have
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Unfounded sets
[77]

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.
A set U C atom(I) is an unfounded set of I with respect to (T, F) if,

for each rule r € 1, we have
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Definitions

Unfounded sets
[77]

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.
A set U C atom(I) is an unfounded set of I with respect to (T, F) if,

for each rule r € 1, we have
head(r) & U,
bodyt(r)N F # () or body (r)N T # (), or
body™(r) N U # 0.
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Definitions

Unfounded sets
[77]
Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.

A set U C atom(I) is an unfounded set of I with respect to (T, F) if,
for each rule r € 1, we have

head(r) & U,
bodyt(r)N F # () or body (r)N T # (), or
body™(r) N U # 0.

m Intuitively, (T, F) is what we already know about 1.
m Rules satisfying Condition 1 or 2 are not usable for further derivations.

m Condition 3 is the unfounded set condition treating cyclic derivations:
All rules still being usable to derive an atom in U require an(other)
atom in U to be true.
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Definitions

Example
a «< b
i :{ b < a }

() is an unfounded set (by definition).

{a} is not an unfounded set of I wrt ((), ().
{a} is an unfounded set of I wrt (0, {b}).
{a} is not an unfounded set of M wrt ({b}, ).
= Analogously for {b}.

{a, b} is an unfounded set of M wrt (), 0).

{a, b} is an unfounded set of I wrt any partial interpretation.
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Definitions

Example
a < b
4 :{ b +— a }

m () is an unfounded set (by definition).

m {a} is not an unfounded set of M wrt (0, ().

m {a} is an unfounded set of M wrt (0, {b}).

m {a} is not an unfounded set of M wrt ({b}, D).
= Analogously for {b}.

m {a, b} is an unfounded set of I wrt (), ).

m {a, b} is an unfounded set of 1 wrt any partial interpretation.
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Definitions

Greatest unfounded sets
Observation The union of two unfounded sets is an unfounded set.

Let 1 be a normal logic program,

and let (T, F) be a partial interpretation.

The greatest unfounded set of N with respect to (T, F), denoted by
Un(T, F), is the union of all unfounded sets of M with respect to (T, F).

Alternatively, we may define
Un(T,F) = atom(N) \ Cn({r € N | body™(r)N F =0}7).

Observe that Cn({r € M| body™(r) N F =} ) contains all
non-circularly derivable atoms from M wrt (T, F).
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Definitions

Greatest unfounded sets
Observation The union of two unfounded sets is an unfounded set.

Let 1 be a normal logic program,

and let (T, F) be a partial interpretation.

The greatest unfounded set of N with respect to (T, F), denoted by

Un (T, F), is the union of all unfounded sets of I with respect to (T, F).

m Alternatively, we may define
Un(T,F) = atom(M) \ Cn({r € N | body (r)NnF =0}T).

m Observe that Cn({r € M| body™(r)N F = ()} ) contains all
non-circularly derivable atoms from I wrt (T, F).
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Well-Founded Operator

Well-founded operator

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.

Condition 2 (in the definition of an unfounded set)
corresponds to set Fn(T, F) of Fitting's ®n (T, F).
Extend (negative part of) Fitting's operator ®p.
That is,
keep definition of T (T, F) from ®r (T, F) and
replace Fn(T, F) from ®n(T,F) by Un(T,F).

In words, an atom must be false
if it belongs to the greatest unfounded set.

QI_I<T F> : <T|_|<T F>U|_|<T F>>
on(T,F) CQn(T, F)

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 186 / 363



Well-Founded Operator

Well-founded operator

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.

Observation Condition 2 (in the definition of an unfounded set)
corresponds to set Fn(T, F) of Fitting's ®n (T, F).

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011

186 / 363



Well-Founded Operator

Well-founded operator

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.

Observation Condition 2 (in the definition of an unfounded set)
corresponds to set Fn(T, F) of Fitting's ®n (T, F).

Idea Extend (negative part of) Fitting's operator ®p.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011

186 / 363



Well-Founded Operator

Well-founded operator

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.

Observation Condition 2 (in the definition of an unfounded set)
corresponds to set Fn(T, F) of Fitting's ®n (T, F).
Idea Extend (negative part of) Fitting's operator ®p.
That is,
m keep definition of Tp(T, F) from ®n(T, F) and
m replace Fn(T, F) from ®n(T, F) by Un(T, F).
In words, an atom must be false
if it belongs to the greatest unfounded set.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011

186 / 363



Well-Founded Operator

Well-founded operator

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.

Observation Condition 2 (in the definition of an unfounded set)
corresponds to set Fn(T, F) of Fitting's ®n (T, F).
Idea Extend (negative part of) Fitting's operator ®p.
That is,
m keep definition of Tp(T, F) from ®n(T, F) and
m replace Fn(T, F) from ®n(T, F) by Un(T, F).
In words, an atom must be false
if it belongs to the greatest unfounded set.

Definition Qn(T,F) = (Tn(T, F),Un(T, F))
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Well-Founded Operator

Well-founded operator

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.

Observation Condition 2 (in the definition of an unfounded set)
corresponds to set Fn(T, F) of Fitting's ®n (T, F).
Idea Extend (negative part of) Fitting's operator ®p.
That is,
m keep definition of Tp(T, F) from ®n(T, F) and
m replace Fn(T, F) from ®n(T, F) by Un(T, F).
In words, an atom must be false
if it belongs to the greatest unfounded set.
Definition Qn(T,F) = (Tn(T,F),Un(T,F))
Property ®n(T,F) C Qn(T,F)
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Well-Founded Operator

Well-founded operator: Example

M — a<+ c < a,not d e+ b
1=\ b« not a d < not c, not e e+ e
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Well-Founded Operator

Well-founded operator: Example

a<+ c < a,not d e+ b
M, =
b < not a d < not c, not e

e« e
Let's iterate Qp, on ({c},0):

Qn,({c},0) = {a},{d})
Qn,({a}, {d}) =

= ({ac}.{b,e})
th <{a7 C}7 {b7 e}>
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Well-Founded Operator

Well-founded operator: Example

M — a<+ c < a,not d e+ b
1=\ b« not a d < not c, not e e+ e

Let's iterate Qp, on ({c},0):

Qn,({c},0) = {a},{d})
Qn,({a},{d}) = ({a,c} {be})
Qn,({a,c}, {be}) = ({a},{b,d,e})
Qn, ({a}, {b,d, e})
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Well-Founded Operator

Well-founded operator: Example

M — a<+ c < a,not d e+ b
1=\ b« not a d < not c, not e e+ e

Let's iterate Qp, on ({c},0):

Qn,({c},0) = (a}{d})
Qn,({a},{d}) = ({ac}{be})
Qn1<{37 C},{b, e}> = <{a}7{b7 d, e}>
Qn1<{a},{b, d, e}> - <{a7 C}7{b7 e}>
Torsten Schaub (KRRQUP)
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Well-Founded Operator

Well-founded semantics

Define the iterative variant of n analogously to ®p:

QY(T,F) = (T,F) QLT F) = QuQL(T, F)
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Well-Founded Operator

Well-founded semantics

Define the iterative variant of n analogously to ®p:
(T, F) = (T, F) QY (T, F) = Qn@n (T, F)

Define the well-founded semantics of a normal logic program I1 as the
partial interpretation:

Lli=0%n (0, 0)
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Well-Founded Operator

Well-founded semantics: Example

M — a<+ c <+ a,not d e+ b
1=\ b« not a d < not c, not e e+ e
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Well-Founded Operator
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Q) 0,0) = (0,0)
Q, (0,0) = 2n,(0,0) = ({a},0)
QF.(0,0) = Qn,({a},0) = ({ah{be})
Q5,000 = Qn({a}.{be}) = ({a},{be})
Lliso @0, (0,0) = ({a},{b.e})
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Well-Founded Operator

Well-founded semantics: Properties

Let 1 be a normal logic program.
m Qn(0,0) is monotonic.
That is, Q4(0,0) T Q57(0,0).
m The well-founded semantics of I1 is

m not conflicting,
m and generally not total.

m We have |_|,-20 ¢in (@, @) C |_|,'20 Qir] ((Z), ®>
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Well-Founded Operator

Well-founded fixpoints

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.
Define (T, F) as a well-founded fixpoint of I if Qn(T, F) = (T, F).
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Well-founded fixpoints

Let 1 be a normal logic program,

and let (T, F) be a partial interpretation.

Define (T, F) as a well-founded fixpoint of I if Qn(T, F) = (T, F).
m The well-founded semantics is the C-least well-founded fixpoint of I1.
m Any other well-founded fixpoint extends the well-founded semantics.

m Total well-founded fixpoints correspond to answer sets.
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Well-Founded Operator

Well-founded fixpoints: Example

M — a<+ c <+ a,not d e+ b
1=\ b« not a d < not c, not e e+ e

My has two total well-founded fixpoints:
({a,c},{b,d,e})
({a,d},{b,c,e})

Both of them represent answer sets.
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Well-Founded Operator

Properties of well-founded operator

Let 1 be a normal logic program,
and let (T, F) be a partial interpretation.
m Let Qn(T,F) = (T, F').
If X is an answer set of Il such that 7T € X and X N F = 0,
then T/ C X and X N F' = 0.
That is, Q2 is answer set preserving.

Qp can be used for approximating answer sets and so for propagation
in ASP-solvers.

Unlike ®p, operator Q2 is sufficient for propagation because total
fixpoints correspond to answer sets.

In addition to 2, most ASP-solvers apply backward propagation (cf.
Page 455), originating from program completion (although this is
unnecessary from a formal point of view).
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and let (T, F) be a partial interpretation.

m Let Qn(T,F) = (T, F').
If X is an answer set of Nl such that T C X and X N F = 0,
then T/ C X and X N F' = 0.

m That is, Qp is answer set preserving.
= Qp can be used for approximating answer sets and so for propagation

in ASP-solvers.
Unlike @, operator Qp is sufficient for propagation because total
fixpoints correspond to answer sets.
w= |n addition to p, most ASP-solvers apply backward propagation (cf.

Page 455), originating from program completion (although this is
unnecessary from a formal point of view).
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Implementation via smodels

Rebuilding atmost((T, F))

from (greatest) unfounded sets

return
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Implementation via smodels

Recalling expand

Global: Normal logic program [1
expand((T, F))
repeat
(T, F) < atleast({T, F))

if (T, F) is conflicting then return (T, F)
else

F'«~ F

F < F Uatmost((T, F))
until F = F/
return (T, F)

v atleast((T, F)) derives deterministic consequences from
Clark’s completion

w= atmost((T, F)) derives deterministic consequences from
unfounded sets
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Implementation via smodels

Relationship with well-founded semantics

Let 1 be a normal logic program.

| ] expand((@, @>) = I_lizoﬂ{'l <®7 ®>
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Implementation via smodels

Relationship with well-founded semantics

Let 1 be a normal logic program.
m expand((0,0)) = | |;5,2n(0,0)

1= That is, expand is basically an implementation of well-founded
semantics !

1= Additional backward propagation in atleast prunes the search space
further !
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Implementation via smodels

Relationship with answer sets

Let M be a normal logic program and (T, F) a total interpretation.
m expand((T,F)) = (T, F) iff T is an answer set of Il
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Let M be a normal logic program and (T, F) a total interpretation.
m expand((T,F)) = (T, F) iff T is an answer set of Il

Given atmost((T,F)) = Unp(T,F),
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M =
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Implementation via smodels

Relationship with answer sets

Let M be a normal logic program and (T, F) a total interpretation.
m expand((T,F)) = (T, F) iff T is an answer set of Il

Given atmost((T,F)) = Unp(T,F),
we can apply smodels to compute answer sets !

Reconsider:
{a% c <+ a,not d e%b}
M =
b < not a d < not c, not e e+ e
Call Interpretation Result
smodels (0, 0)
expand (0,0) ({a}, {b,e})

select ({a},{b, e}) ({a,c}, {b,e})
expand | ({a,c},{b,e}) | ({a,c},{b,d,e})
smodels (0, 0) {a, c}
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Implementation via smodels

Additional remarks on smodels
[73]

The smodels implementation also features:
m Extended rules

m Cardinality constraints
m Weight constraints

m Optimiziation via minimize and maximize

m Efficient counter-based propagation

m Lazy implementation of atmost based on “source pointers”
[

Failed-literal detection, also called lookahead, for stronger propagation
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Loops and Loop Formulas

Characterizing non-cyclic derivations

An alternative approach

Question Is there a propositional formula F(I1) such that the models
of F(M) correspond to the answer sets of 1 ?
If we consider the completion of a program, Comp(I),
then the problem boils down to eliminating the circular
support of atoms that are true in the supported models
of I1.
Add formulas to Comp(IN) that prohibit circular support of
sets of atoms.
Circular support between atoms p and g is possible
if p has a path to g and g has a path to p
in a program’s positive atom dependency graph.
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Loops and Loop Formulas

Loops
57)
Let 1 be a normal logic program, and
let G(M) = (atom(I), E) be the positive atom dependency graph of I1.

m Aset ) C L C atom(N) is a loop of N
if it induces a non-trivial strongly connected subgraph of G(IN).

m That is, each pair of atoms in L is connected by a path of non-zero
length in (L, E N (L x L)).
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Loops and Loop Formulas

Loops
57)
Let 1 be a normal logic program, and
let G(M) = (atom(I), E) be the positive atom dependency graph of I1.

m Aset ) C L C atom(N) is a loop of N
if it induces a non-trivial strongly connected subgraph of G(IN).

m That is, each pair of atoms in L is connected by a path of non-zero
length in (L, E N (L x L)).

m We denote the set of all loops of I by Loop(IN).

Observation Program I is tight iff Loop(I) = 0.
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Loops and Loop Formulas

Loop formulas

Let 1 be a normal logic program.
m For L C atom(IN), define the external supports of L for 1 as

ESn(L) = { r € M| head(r) € L, body™(r)NnL=10}.
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Loops and Loop Formulas

Loop formulas

Let 1 be a normal logic program.
m For L C atom(IN), define the external supports of L for 1 as

ESn(L) = { r € M| head(r) € L, body™(r)NnL=10}.

m The (disjunctive) loop formula of L for I is
LFa(L) = (VaelA) — (\/rEESn(L) Comp(body(r)))

= (Areesyy~Comp(body(r))) — (Aaci—A)-

== The loop formula of L enforces all atoms in L to be false whenever L is
not externally supported.

m Define
LF(M)={LFn(L) | L € Loop() }.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 201 / 363



Loops and Loop Formulas

Lin-Zhao Theorem

Theorem

Let I be a normal logic program and X C atom(I).
Then, X is an answer set of I iff X |= Comp(T) U LF(I).
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Loops and Loop Formulas

Loops and loop formulas: Examples

a< not b b <+ not a -
My=< c<« a,notd d < a,not ¢ c/ \d
e< c,not a e<d,not b \a/
Loop(M,) = ()
LF(My) =0

b
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Loops and loop formulas: Examples

a< not b b <+ not a -
M =< c<« a,notd d < a, not ¢ c/ \d

e+ c,not a e+ d,not b b

Loop(M,) = ()
LF(My) =0

a< not b b < not a =

M3={ c<nota c<+d T =
’ d<ab d«c a/L

Loop(M3) = {{c, d}}

LF(N3) ={(cVvd)— (-aV(anb))}
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Loops and Loop Formulas

Loops and loop formulas: Properties
[49]

Let X be a supported model of normal logic program 1.

Then, X is an answer set of I iff
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Loops and Loop Formulas

Loops and loop formulas: Properties
[49]

Let X be a supported model of normal logic program 1.

Then, X is an answer set of I iff
m X ={LFn(VU)| UC atom(N) };
m X ={LFn(U)|UCX};
m X ={LFn(L)| L€ Loop(N) }, that is, X = LF(N);
m X E{LFn(L)| L€ Loop(M),LC X }.

w |f X is not an answer set of 1,
then there is a loop L C X \ Cn(MX) such that X & LFp(L).
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Loops and Loop Formulas

Loops and loop formulas: Properties (ctd)
[54]

If P ¢ NCY/poly,! then there is no translation 7 from logic programs to
propositional formulas such that, for each normal logic program [, both of
the following conditions hold:

The propositional variables in T[] are a subset of atom(IN).

The size of T[] is polynomial in the size of 1.

LA conjecture from the theory of complexity that is widely believed to be true.
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Loops and loop formulas: Properties (ctd)
[54]

If P ¢ NCY/poly,! then there is no translation 7 from logic programs to
propositional formulas such that, for each normal logic program [, both of
the following conditions hold:
The propositional variables in T[] are a subset of atom(IN).
The size of T[] is polynomial in the size of 1.
== Every vocabulary-preserving translation from normal logic programs to
propositional formulas must be exponential
(in the worst case).

Observations
m Translation Comp() U LF(IM) preserves the vocabulary
of I.
m The number of loops in Loop(I1) may be exponential in
|atom(I)].

LA conjecture from the theory of complexity that is widely believed to be true.
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Tableau Calculi
Overview

Motivation
Tableau Methods

Tableau Calculi for ASP
m Definitions
m Tableau Rules for Clark’'s Completion
m Tableau Rules for Unfounded Sets
m Tableau Rules for Case Analysis
m Particular Tableau Calculi
m Relative Efficiency
m Example Tableaux
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Motivation

Motivation

Goal Analyze computations in ASP-solvers

A declarative and fine-grained instrument for characterizing
operations as well as strategies of ASP-solvers

View answer set computations as derivations in an

inference system

= Tableau-based proof system for analyzing ASP-solving
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Idea View answer set computations as derivations in an
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Motivation

Tableau calculi

m Traditionally, tableau calculi are used for

m automated theorem proving and
m proof theoretical analysis

in classical as well as non-classical logics.

m General idea: Given an input, prove some property by
decomposition. Decomposition is done by applying deduction rules.

m For details, see [12].
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Tableau Methods

Tableau calculi: General definitions

m A tableau is a (mostly binary) tree.
m A branch in a tableau is a path from the root to a leaf.

A branch containing 71, ...,7vm can be extended by applying
tableau rules of form:

71 » Ym 71 » Ym
a1 ,‘31 ‘ 000 ‘ 3n
G
Rules of the former format append entries aq, ..., a, to the branch.
Rules of the latter format create multiple sub-branches for 51, ...,/ 3.
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tableau rules of form:
Vl)"'arym ’Yl,---a’Ym

a1 b1 ’ oo | Bn

an
m Rules of the former format append entries as, ..., a, to the branch.
m Rules of the latter format create multiple sub-branches for (1, ..., ;.
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Tableau Methods

Tableau calculus: Example

A simple tableau calculus for proving unsatisfiability of propositional
formulas, composed from —, A, and V, consists of rules:

o a1 A oo B1V B
a ag B | B2
a

All rules are semantically valid, interpreting entries in a branch as
connected via “and” and distinct (sub-)branches as connected via

or .

A propositional formula ¢ (composed from —, A, and V) is
unsatisfiable iff there is a tableau with ¢ as the root node such that

all other entries can be produced by tableau rules and
every branch contains some formulas o and —a.
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Tableau Methods

Tableau calculus: Example (ctd)

(1) an((=bA(=aV b))V -mma) [+]
(2) a [1]
(3) (b A (—aV b))V -—ma [1]
(4) —-bA(maVvb) [3] 9) -—-a  [3]
(5) —b [4] (10) -a [9]
(6) —aVb [4]
(7) —a [o] (8) b [6]

All three branches of the tableau are contradictory (cf. 2, 5, 7, 8, 10).
w aA((=bA(—aV b))V ——-a) is unsatisfiable.
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Tableau Methods

Tableau calculus: Example (ctd)
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(4) -bA(-avb) [3] (9) —-——a  [3]
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All three branches of the tableau are contradictory (cf. 2, 5, 7, 8, 10).
= aA((=bA(—aV b))V ——a)is unsatisfiable.
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Tableau Calculi for ASP

Tableaux and ASP: The idea
m A tableau rule captures an elementary inference scheme in an
ASP-solver.

m A branch in a tableau corresponds to a successful or unsuccessful
computation of an answer set.

m An entire tableau represents a traversal of the search space.
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Tableau Calculi for ASP Definitions

Tableaux and ASP: Specific definitions

m A (signed) tableau for a logic program I is a binary tree such that
m the root node of the tree consists of the rules in I1;
m the other nodes in the tree are entries of the form Tv or Fv, called
signed literals, where v is a variable,
m generated by extending a tableau using deduction rules (given below).

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 213 / 363



Tableau Calculi for ASP Definitions

Tableaux and ASP: Specific definitions

m A (signed) tableau for a logic program I is a binary tree such that
m the root node of the tree consists of the rules in I1;
m the other nodes in the tree are entries of the form Tv or Fv, called
signed literals, where v is a variable,
m generated by extending a tableau using deduction rules (given below).
m An entry Tv (Fv) reflects that variable v is true (false) in a
corresponding variable assignment.

= A set of signed literals constitutes a partial assignment.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 213 / 363



Tableau Calculi for ASP Definitions

Tableaux and ASP: Specific definitions

m A (signed) tableau for a logic program I is a binary tree such that

m the root node of the tree consists of the rules in I1;

m the other nodes in the tree are entries of the form Tv or Fv, called
signed literals, where v is a variable,

m generated by extending a tableau using deduction rules (given below).

m An entry Tv (Fv) reflects that variable v is true (false) in a
corresponding variable assignment.

= A set of signed literals constitutes a partial assignment.
m For a normal logic program [1,

m atoms of [1 in atom(I) and
m bodies of M in body (M) = {body(r) | r € M}

can occur as variables in signed literals.
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Tableau Calculi for ASP Definitions

Tableau rules for ASP at a glance

[35]
p(fll,...,ln F{I]_,...,/,‘,...,/n}
(FTB) th,...,th (BFB) th,...,th1,thigg, ... th
T} fl;
p(—ll,...,/,-, p<_llz--'7In
(FTA) T{h,...,In} (BFA) Fp
i) F{h,-- b}
&= lfgaaoglhyacaglh _
(FFB) ] (BTB) T{’l“"t’l’_”“"’"}
U A '
Tp
(Fra)  FBLooFBn (g (BTA) FBi,...,FBi1,FBi,1,...,FBm
[J TB;
Tp
(WFN) W ()  (WFJ) FBi,...,FBi_1,FBis,...,FBn
i
Tp
FBi,...,FB
() % ) (BL) FBi,...,FBj_1,FBi1,...,FBm
TB;

(Cut[X]) 7 1 (#IXD)
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Tableau Calculi for ASP Definitions

More concepts

m A tableau calculus is a set of tableau rules.

A branch in a tableau is conflicting,
if it contains both Tv and Fv for some variable v.

A branch in a tableau is total for a program I1,
if it contains either Tv or Fv for each v € atom([T) U body().

A branch in a tableau of some calculus 7 is closed,
if no rule in 7 other than Cut can produce any new entries.

A branch in a tableau is complete,
if it is either conflicting or both total and closed.

A tableau is complete,
if all its branches are complete.

A tableau of some calculus 7 is a refutation of T for a program 1,
if every branch in the tableau is conflicting.
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Tableau Calculi for ASP Definitions

Consider the program

a <
[M=< c <« not b,not d
d + a,not ¢

having two answer sets {a, c} and {a, d}.
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Tableau Calculi for ASP Definitions

(Previewed) Example

a <

c < not b, not d
d < a,not ¢

(FTB)
(FTA)
(FFA)
(Cut[atom()]) Tc
(BTA) T{not b, not d}
(BTB) Fd

(FFB) F{a, not c}

Recall answer sets {a, c} and {a, d}.

Torsten Schaub (KRRQUP) Answer Set Programming
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Fb

Fc
(BFA) F{not b, not d
(BFB) Td

(FTB) T{a, not c}
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(Previewed) Example
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Tableau Calculi for ASP Definitions

(Previewed) Example
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(FTB) T0
(FTA) Ta
(FFA) Fb
(Cut[atom()]) Tc Fc
(BTA) T{not b, not d} (BFA)  F{not b, not d
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Recall answer sets {a, c} and {a, d}.
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Tableau Calculi for ASP Definitions

Tableau rules: Auxiliary definitions

m The application of rules makes use of two conjugation functions
t and f.

m For a literal /, define:

= T/ if [is an atom
N Fp if | = not p for an atom p

£l — F/ if | is an atom
Tp if I = not p for an atom p
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Tableau Calculi for ASP Definitions

Tableau rules: Auxiliary definitions

m The application of rules makes use of two conjugation functions,
t and f.

m For a literal /, define:

= T/ if [is an atom
N Fp if | = not p for an atom p

£l — F/ if | is an atom
a Tp if | = not p for an atom p

Examples

tp=Tp fp=Fp tnot p=Fp fnot p=Tp
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Tableau Calculi for ASP Definitions

Tableau rules: Auxiliary definitions (ctd)

m Some tableau rules require conditions for their application.
Such conditions are specified as provisos:

prerequisites

consequence (proviso) proviso: some condition(s)

i All tableau rules given in the sequel are answer set preserving.
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Forward True Body (FTB)

Prerequisites All of a body'’s literals are true.
Consequence The body is true.
Tableau Rule FTB
p+—h,.... 1,
th,..., th
T{h,..., I}
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Forward True Body (FTB)

Prerequisites All of a body'’s literals are true.
Consequence The body is true.
Tableau Rule FTB
p+—h,.... 1,
th,..., th
T{h,..., I}

Example

a< b, not c
Tb
Fc
T{b, not c}
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Backward False Body (BFB)

Prerequisites A body is false, and all its literals except for one are true.
Consequence The residual body literal is false.
Tableau Rule BFB

F{h,....li,.... In}

th,...,thq,thyg,... th
fl;
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Backward False Body (BFB)

Prerequisites A body is false, and all its literals except for one are true.
Consequence The residual body literal is false.
Tableau Rule BFB

U A
th,...,thq,thyg,... th

fl;
Examples
F{b, not c} F{b, not c}
_Ub 6
Tc Fb
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Forward False Body (FFB)

Prerequisites Some literal of a body is false.
Consequence The body is false.
Tableau Rule FFB
ph,....li,....
fl;
F{h,....0i,..., [}
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Forward False Body (FFB)

Prerequisites Some literal of a body is false.
Consequence The body is false.
Tableau Rule FFB
ph,... li,... 1
fl;
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Examples
a< b,not c a<+ b,not c
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Backward True Body (BTB)

Prerequisites A body is true.
Consequence The body's literals are true.
Tableau Rule BTB

T{h, oo by}
t/;

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011

223 / 363



Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Backward True Body (BTB)

Prerequisites A body is true.
Consequence The body's literals are true.
Tableau Rule BTB

T{h, oo by}
t/;

Examples

T{b, not c} T{b, not c}
Tb Fc
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Reviewing tableau rules for bodies
Consider rule body B = {h,...,I,}.

m Rules FTB and BFB amount to implication:
hnAN---Nl,— B
m Rules FFB and BTB amount to implication:

B—s>hA---Nly
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Reviewing tableau rules for bodies
Consider rule body B = {h,...,I,}.

m Rules FTB and BFB amount to implication:
hnAN---Nl,— B
m Rules FFB and BTB amount to implication:

B—s>hA---Nly

1= Together they yield:

B=hAN---Nly
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Forward True Atom (FTA)

Prerequisites Some of an atom's bodies is true.
Consequence The atom is true.
Tableau Rule FTA

p+—h,.... 1,
T{h,..., I}
Tp
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Forward True Atom (FTA)

Prerequisites Some of an atom's bodies is true.
Consequence The atom is true.
Tableau Rule FTA

p+—h,.... 1,
T{I17 0ocog In}
Tp
Examples
a< b,not c a<+d,not e
T{b, not c} T{d, not e}
LIE Ta
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Backward False Atom (BFA)

Prerequisites An atom is false.

Consequence The bodies of all rules with the atom as head are false.

Tableau Rule BFA
p < /1,...,/,,
Fp
F{h,....Ih}
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Backward False Atom (BFA)

Prerequisites An atom is false.
Consequence The bodies of all rules with the atom as head are false.
Tableau Rule BFA

p+—h,.... 1,
Fp
F{h,....Ih}
Examples
a< b,not c a<+d,not e
e B
F{b, not c} F{d, not e}
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Forward False Atom (FFA)

Prerequisites For some atom, the bodies of all rules with the atom as head
are false.

Consequence The atom is false.
Tableau Rule FFA

FBy,...,FB,,
Fom " (body(p) = {B1, .., Bn})

1= For an atom p occurring in a logic program [1, we let
body(p) = {body(r) | r € N, head(r) = p}.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 227 / 363



Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Forward False Atom (FFA)

Prerequisites For some atom, the bodies of all rules with the atom as head
are false.

Consequence The atom is false.
Tableau Rule FFA

FBy,...,FB,,
Fom " (body(p) = {B1, .., Bn})

1= For an atom p occurring in a logic program [1, we let
body(p) = {body(r) | r € N, head(r) = p}.
Example

F{b, not c}

F{d’+§te} (body(a) = {{b, not c},{d, not e}})
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Backward True Atom (BTA)

Prerequisites An atom is true, and the bodies of all rules with the atom as
head except for one are false.

Consequence The residual body is true.

Tableau Rule BTA

Tp

FBi,....FB;_1,FBi,1,....,FB,,
T8 (body(p) = {B1,- -, Bm})
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Backward True Atom (BTA)

Prerequisites An atom is true, and the bodies of all rules with the atom as

head except for one are false.
Consequence The residual body is true.
Tableau Rule BTA

Tp
FBi,...,FB; 1,FBj.1,...,FBy,
T8 (body(p) = {B, ...
Examples
LE] LE]
F{b, not c} F{d, not e}
T{d, not e} Q) T{b, not c} Q)

(¥):  body(a) = {{b, not c},{d, not e}}
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Reviewing tableau rules for atoms

Consider an atom p such that body(p) = {Bi, ..., Bm}.

m Rules FTA and BFA amount to implication:
Biv---VB,—p
m Rules FFA and BTA amount to implication:

p—BiV--V Bnm
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Reviewing tableau rules for atoms

Consider an atom p such that body(p) = {Bi, ..., Bm}.

m Rules FTA and BFA amount to implication:
Biv---VB,—p
m Rules FFA and BTA amount to implication:

p—BiV--V Bnm

1= Together they yield:

p=B1V---V B,
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Tableau Calculi for ASP Tableau Rules for Clark’s Completion

Relationship with Clark's completion

Let 1 be a normal logic program.
The eight tableau rules introduced so far essentially provide:
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Relationship with Clark's completion
Let 1 be a normal logic program.
The eight tableau rules introduced so far essentially provide:
m (straightforward) inferences from Comp(IN) (cf. Page 399)
m inferences via atleast (cf. Page 455)
Given the same partial assignment (of atoms),
m any literal derived by atleast is also derived by tableau rules,

m while the converse does not hold in general.
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Tableau Calculi for ASP Tableau Rules for Unfounded Sets

Preliminaries for unfounded sets

Let 1 be a normal logic program.

m For " C I, define the greatest unfounded set, denoted by GUS(IT"),
of M with respect to N’ as:

GUS(I") = atom(M) \ Cn((M")")
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Preliminaries for unfounded sets

Let 1 be a normal logic program.

m For " C I, define the greatest unfounded set, denoted by GUS(IT"),
of M with respect to N’ as:

GUS(I") = atom(M) \ Cn((M")")

m For a loop L € Loop(I), define
EB(L) = {body(r) | r € N, head(r) € L, body™*(r)N L= 0}

as the external bodies of L.
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Tableau Calculi for ASP Tableau Rules for Unfounded Sets

Well-Founded Negation (WFN)

Prerequisites An atom is in the greatest unfounded set with respect to
rules whose bodies are false.

Consequence The atom is false.
Tableau Rule WEN

Wﬂ (p€ GUS({r € N | body(r) & {Bi,...,Bm}}))
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Well-Founded Negation (WFN)

Prerequisites An atom is in the greatest unfounded set with respect to
rules whose bodies are false.

Consequence The atom is false.
Tableau Rule WEN

FBi,...,FBy,
—Fp (P GUS({r € N | body(r) ¢ {B1..... Bn}}))
Examples
a<— a
a<+ not b a<+ notb
F{not b} F{not b}
T Fa ™ T Fa ™

(x): a€ GUS(N\ {a < not b})
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Tableau Calculi for ASP Tableau Rules for Unfounded Sets

Well-Founded Justification (WFJ)

Prerequisites A true atom is in the greatest unfounded set with respect to
rules whose bodies are false if a particular body is made false.
Consequence The respective body is true.
Tableau Rule WFJ
Tp
FBi,...,FBi_1,FBii1,...,FBn

TB (p e GUS({r e N | body(r) & {Bx1,...,Bm}}))
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Well-Founded Justification (WFJ)

Prerequisites A true atom is in the greatest unfounded set with respect to
rules whose bodies are false if a particular body is made false.

Consequence The respective body is true.

Tableau Rule WFJ

Tp
FBi,...,FBi_1,FBi.1,...,FB,
TB (p € GUS({r e N | body(r) & {B1,.-.,Bm}}))
Examples
a<a
a<+ not b a< notb
__Ta __Ta
T{not b} Q) T{not b} Q)

(¥): ae GUS(N\ {a < not b})
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Tableau Calculi for ASP Tableau Rules for Unfounded Sets

Reviewing well-founded tableau rules

Tableau rules WEN and WFJ ensure non-circular support for true atoms.
Note that
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Tableau Calculi for ASP Tableau Rules for Unfounded Sets

Reviewing well-founded tableau rules
Tableau rules WEN and WFJ ensure non-circular support for true atoms.
Note that
WEN subsumes falsifying atoms via FFA,
WEFJ can be viewed as “backward propagation” for unfounded sets,

WFJ subsumes backward propagation of true atoms via BTA.
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Tableau Calculi for ASP Tableau Rules for Unfounded Sets

Relationship with well-founded operator

Let M be a normal logic program, (T, F) a partial interpretation, and
N ={ren|bodyt(r)NF =0, body (r)N T = 0}.
Then the following conditions are equivalent:
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Let M be a normal logic program, (T, F) a partial interpretation, and
N ={ren|bodyt(r)NF =0, body (r)N T = 0}.
Then the following conditions are equivalent:
p € Un(T,F); (cf. Page 495)
p € atmost((T, F)); (cf. Page 531)
p € GUS(IM).
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Relationship with well-founded operator

Let M be a normal logic program, (T, F) a partial interpretation, and
N ={ren|bodyt(r)NF =0, body (r)N T = 0}.
Then the following conditions are equivalent:
p € Un(T,F); (cf. Page 495)
p € atmost((T, F)); (cf. Page 531)
p € GUS(IM).
= \Well-founded operator, atmost, and WFN coincide.

1= |n contrast to the former, WFN does not necessarily require a rule
body to contain a false literal for the rule being inapplicable.
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Tableau Calculi for ASP Tableau Rules for Unfounded Sets

Forward Loop (FL)

Prerequisites The external bodies of a loop are false.
Consequence The atoms in the loop are false.
Tableau Rule FL

FBi,...,FBn
Fp

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011
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Forward Loop (FL)

Prerequisites The external bodies of a loop are false.
Consequence The atoms in the loop are false.
Tableau Rule FL

FBi,...,FB,,
IT (peL,Le Loop(M), EB(L) = {By,...
Example
a<— a
a< not b
F{not b}

— Fa (EB({a}) = {{not b}})
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Tableau Calculi for ASP Tableau Rules for Unfounded Sets

Backward Loop (BL)

Prerequisites An atom of a loop is true, and all external bodies except for
one are false.

Consequence The residual external body is true.

Tableau Rule BL
Tp

FBi,...,FBi_1,FBi1,...,FB,
TB;

(peL,Le Loop(M),EB(L) = {Bi,...,Bm})

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 237 / 363



Tableau Calculi for ASP Tableau Rules for Unfounded Sets

Backward Loop (BL)

Prerequisites An atom of a loop is true, and all external bodies except for
one are false.

Consequence The residual external body is true.
Tableau Rule BL

Tp
FBi,...,FB;_1,FBi.1,...,FB
: TE ™ (pe L, Le Loop(N),EB(L) = {B,..., Bn})
Example
a<+ a
a< not b

o5 (EBUa)) = {{not b))
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Tableau Calculi for ASP Tableau Rules for Unfounded Sets

Reviewing tableau rules for loops

Tableau rules FL and BL ensure non-circular support for true atoms.

For a loop L such that EB(L) = {Bs,...,Bn},
they amount to implication:

Vperp = BLV -V B
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Reviewing tableau rules for loops

Tableau rules FL and BL ensure non-circular support for true atoms.
For a loop L such that EB(L) = {Bs,...,Bn},
they amount to implication:

Vperp = BLV -V B

Comparison to well-founded tableau rules yields:
m FL (plus FFA and FFB) is equivalent to WFN (plus FFB),
m BL cannot simulate inferences via WFJ.
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Tableau Calculi for ASP Tableau Rules for Unfounded Sets

Relationship with loop formulas

Tableau rules FL and BL essentially provide:
(straightforward) inferences from loop formulas (cf. Page 551)

But impractical to precompute exponentially many loop formulas !

an application of the Lin-Zhao Theorem (cf. Page 555)

In practice, ASP-solvers such as smodels:
exploit strongly connected components of positive atom dependency
graphs
Can be viewed as an interpolation of FL.
do not directly implement BL (and neither WFJ)
Probably difficult to do efficiently.

could simulate BL via FL/WFN by means of failed-literal detection
(lookahead)

What about the computational cost?
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Relationship with loop formulas

Tableau rules FL and BL essentially provide:
m (straightforward) inferences from loop formulas (cf. Page 551)

= But impractical to precompute exponentially many loop formulas !

m an application of the Lin-Zhao Theorem (cf. Page 555)

In practice, ASP-solvers such as smodels:

m exploit strongly connected components of positive atom dependency
graphs
= Can be viewed as an interpolation of FL.
m do not directly implement BL (and neither WFJ)
= Probably difficult to do efficiently.

m could simulate BL via FL/WFN by means of failed-literal detection
(lookahead)

= \Nhat about the computational cost?
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Tableau Calculi for ASP Tableau Rules for Case Analysis

Case analysis by Cut

Up to now, all tableau rules are deterministic.
That is, rules extend a single branch but cannot create sub-branches.

1= |n general, closing a branch leads to a partial assignment.
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Case analysis by Cut

Up to now, all tableau rules are deterministic.
That is, rules extend a single branch but cannot create sub-branches.

1= |n general, closing a branch leads to a partial assignment.
Case analysis is done by Cut[C] where C C atom(I1) U body(IN).

Tableau Rule Cut[C]

TR VEQ)
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Tableau Calculi for ASP Tableau Rules for Case Analysis

Case analysis by Cut

Up to now, all tableau rules are deterministic.
That is, rules extend a single branch but cannot create sub-branches.

1= |n general, closing a branch leads to a partial assignment.
Case analysis is done by Cut[C] where C C atom(I1) U body(IN).

Tableau Rule Cut[C]

TR VEQ)

Examples Cut[C]

a< not b a< not b
b + not a c_ . b <+ not a C — bodv(T]
Ta | Fa U= ciau1l)) T{not b} F{not b} (U= Lody 1))
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Tableau Calculi for ASP Particular Tableau Calculi

Well-known tableau calculi

Fitting's operator ® applies forward propagation without sophisticated
unfounded set checks. We have:

Te = {FTB, FTA, FFB, FFA}
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Tableau Calculi for ASP Particular Tableau Calculi

Well-known tableau calculi

Fitting's operator ® applies forward propagation without sophisticated
unfounded set checks. We have:

Te = {FTB, FTA, FFB, FFA}

Well-founded operator €2 replaces negation of single atoms with negation
of unfounded sets. We have:

Ta = {FTB, FTA, FFB, WFN}

“Local” propagation via a program’s completion can be determined by
elementary inferences on atoms and rule bodies. We have:

Tcompletion = {FTB, FTA, FFB, FFA, BTB, BTA, BFB, BFA}
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Tableau Calculi for ASP Particular Tableau Calculi

Tableau calculi characterizing ASP-solvers

ASP-solvers combine propagation with case analysis.
We obtain the following tableau calculi characterizing
[3, 57, 42, 73, 50, 47, 1]:

7::models—1
7;ssat
7;models
7710M0Re

7770more++

Torsten Schaub (KRRQUP)

Tcompletion U { Cut{atom(IM) U body ()]}
Tcompletion U { FL} U { Cut[atom(IT) U body(M)]}
Tcompletion I { WFN} U { Cut[atom(IT)] }

Tcompletion U { WFN} U { Cut[body (TT)] }

Tcompletion I { WFN} U { Cut[atom(IT) U body ()]}
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Tableau Calculi for ASP Particular Tableau Calculi

Tableau calculi characterizing ASP-solvers

ASP-solvers combine propagation with case analysis.
We obtain the following tableau calculi characterizing
[3, 57, 42, 73, 50, 47, 1]:

Temodels-1 = Teompletion U { Cut{atom(IM) U body (M)]}
Tassat = Tcompletion U { FL} U { Cut{atom(IT) U body ()]}
Tsmodels = Teompletion Y { WFN} U { Cut[atom(I)]}
TnoMore = Tcompletion U { WFN} U { Cut[body ()] }
Tnomoret+ = Tecompletion U { WFN} U { Cut{atom(IT) U body(IM)]}

m SAT-based ASP-solvers, assat and cmodels,
incrementally add loop formulas to a program’s completion.

m Genuine ASP-solvers, smodels, d1v, noMoRe, and nomore++,
essentially differ only in their Cut rules.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 242 / 363



Tableau Calculi for ASP Relative Efficiency

Proof complexity

The notion of proof complexity is used for describing the relative efficiency
of different proof systems.
It compares proof systems based on minimal refutations.

= Proof complexity does not depend on heuristics.

A proof system T polynomially simulates a proof system 7" if every
refutation of 7 can be polynomially mapped to a refutation of 7.
Otherwise, 7 does not polynomially simulate 7.

For showing that proof system 7 does not polynomially simulate 77,
we have to provide an infinite witnessing family of programs such that
minimal refutations of 7 asymptotically are exponentially larger than
minimal refutations of 7.

The size of tableaux is simply the number of their entries.

We do not need to know the precise number of entries:
Counting required Cut applications is sufficient !
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refutation of 7" can be polynomially mapped to a refutation of 7.
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we have to provide an infinite witnessing family of programs such that
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Tableau Calculi for ASP Relative Efficiency

7:‘models VEersus 7710M0Re

Recall that Tgmoders restricts Cut to atom(I) and Thopore to body(IM).
Are both approaches similar or is one of them superior to the other?
Let {M2}, {N7}, and {M2} be infinite families of programs as follows:

a1 < not |

X <— not x X < C1,...,Cp, N0t X
’ b1 < not :

X<—31.b1 Cl < a1 C1<—b1

n __ n __ n __
Ha* : rlb* : : rlcf .

’ ’ ’ an < not |

X < an, b Ch < a ch < b
ns n n n n n bn%notg

In minimal refutations for M7 U T17, the number of applications of
Cut{body (N2 UN2)| with Thomore is linear in n, whereas Tgmodess requires
exponentially many applications of Cut[atom(I] U M2)].

Vice versa, minimal refutations for I} U T17 require linearly many
applications of Cut[atom([} U M7)] with Tsmodeis and exponentially many
applications of Cut[body (M} U MNZ)] with TronoRe.-
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7;mode/s VErsus 7710/\//0Re

Recall that Tgmoders restricts Cut to atom(IN) and Tpopore to body(MM).
Are both approaches similar or is one of them superior to the other?

Let {M7}, {NZ}, and {7} be infinite families of programs as follows:

a1 < not |

X < not x X < C1,...,Cp, NOt X
b1 < not

x<—al,b1 C1 < a1 Cl<—b1

no = Ny = ¢ =
a : b — c .

X<-—a b c‘ea c.%b i &= 025
nsy n ul n n n bn<—n0t<
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7;mode/s VErsus 7710/\//0Re

Recall that Tgmoders restricts Cut to atom(IN) and Tpopore to body(MM).
Are both approaches similar or is one of them superior to the other?

Let {M7}, {NZ}, and {7} be infinite families of programs as follows:

a1 < not |
X < not x X < C1,...,Cp, NOt X
b1 < not
x<—al7b1 n C1 < a1 Cl<—b1 n
n __ _ _
na_ : I_Ib_ I_Ic_ .
X<-—a b c‘ea c.%b i &= 025
n» On n n n n bn < not :

In minimal refutations for 17 U7, the number of applications of
Cut[body (M2 U N2)] with Thomore is linear in n, whereas Tepmodels requires
exponentially many applications of Cut[atom(N7 U NZ2)].
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Recall that Tgmoders restricts Cut to atom(IN) and Tpopore to body(MM).
Are both approaches similar or is one of them superior to the other?

Let {M7}, {NZ}, and {7} be infinite families of programs as follows:

a1 < not |
X < not x X < C1,...,Cp, NOt X
b1 < not
x<—al7b1 n C1 < a1 Cl<—b1 n
n __ _ _
na_ : I_Ib_ I_Ic_ .
X<-—a b c‘ea c.%b i &= 025
n» On n n n n bn < not :

In minimal refutations for 17 U7, the number of applications of
Cut[body (M2 U N2)] with Thomore is linear in n, whereas Tepmodels requires
exponentially many applications of Cut[atom(N7 U NZ2)].

Vice versa, minimal refutations for 1} U T require linearly many
applications of Cut[atom(M] U MN7)] with Tsmodeis and exponentially many
applications of Cut[body (M U NZ)] with Tronore.-
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Tableau Calculi for ASP Relative Efficiency

Relative efficiency

As witnessed by {7 U M7} and {1} UTIZ}, respectively,
Tsmodels and Thomore do not polynomially simulate one another.

Any refutation of Tgmodels OF TroMoRe 1S @ refutation of 7T,omoret—+
(but not vice versa).

It follows that
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As witnessed by {7 U M7} and {1} UTIZ}, respectively,
Tsmodels and Thomore do not polynomially simulate one another.
Any refutation of Tgmodels OF TroMoRe 1S @ refutation of 7T,omoret—+
(but not vice versa).

It follows that

B both Temodels and Tromore are polynomially simulated by 7,omoret+
and

B T, omoret+ is polynomially simulated by neither Temodeis NOr ThoMoRe-

= The proof system obtained with Cut[atom(I1) U body()] is
exponentially stronger than the ones with either
Cut[atom(IT)] or Cut[body(I)] !
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Tableau Calculi for ASP Relative Efficiency

Relative efficiency

As witnessed by {7 U M7} and {1} UTIZ}, respectively,
Tsmodels and Thomore do not polynomially simulate one another.
Any refutation of Tgmodels OF TroMoRe 1S @ refutation of 7T,omoret—+
(but not vice versa).

It follows that

B both Temodels and Tromore are polynomially simulated by 7,omoret+
and

B T, omoret+ is polynomially simulated by neither Temodeis NOr ThoMoRe-
= The proof system obtained with Cut[atom(I1) U body()] is

exponentially stronger than the ones with either
Cut[atom(IT)] or Cut[body(I)] !

r= Case analyses (at least) on atoms and bodies are mandatory in
powerful ASP-solvers.
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(rn) a< not b
(n) c<g
(r7) e+« f,notc
(1) Ta
) T{not b}
3) Fb
(4) F{d, not a}
(5) F{not a, not f}
(6) Fg
() T{rote}
(8) Tf
(9) F{b, d}
(10) Fle}
(11) Fc
(12) Fic}
(13) Fd
(14) T{f, not c}
(15) Te

Torsten Schaub (KRRQUP)

Tableau Calculi for ASP

Cut]

BTA:
BTB:

BFA:
FFB:
FFA:

FTB:

FTA:
FFB:
FFB:
FFA:
FFB:
FFA:

FTB:

FTA:

Example Tableaux

Tsmodels: Example tableau

() b+ d,not a () c<+ b,d

(r5) d<+c (re) d<+g

(rg) f < notg (r0) g < not a,not f

(¢19)] Fa [Cut]
n,1] ) F{not b} [BFA: 1, 16]
2] (18) Tb [BFB: 17]
r, 3] (19) T{d,nota} [BTA: np,18]
ro, 1] (20) Td [BTB: 19]
r9, 5] (21)  T{b,d}  [FTB: r3,18,20]
rg, 6] (22) Tc [FTA: r3, 21]
rg, 7] (23) F{f,not c} [FFB: r7,22]
r3, 3] (24) Fe [FFA: r7, 23]
ra, re, 6] (25) T{c} [FTB: rs5, 22]
e ’141’]9’ 08 (9 TF [Cut (29) Ff [Cut
r5’r 10, 12] (27) F{not a, not f} [FFB: r9,26] (30) T{not a, not f} [FTB: rg,
57’ 86'11]’ 28) Fc [WFN: 27] (31) Tg [FTA: rg, :
i ’ 121] (32) T{g} [FTB: rq, |
’ (33) F{notg} [FFB:rg,:
Answer Set Programming July 4, 2011 246 / 363



(rn) a< not b
(n) c<g
(r7) e+« f,notc
(1) T{not b}
(2) Ta
3) Fb
(4) F{d, not a}
(5) F{not a, not f}
(6) Fg
(7) T{not g}
(8) Tf
(9 F{b, d}
(10) F{e}
(11) Fc
(12) F{c}
(13) Fd
(14) T{f, not c}
(15) Te
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Tableau Calculi for ASP

Example Tableaux

TroMore: Example tableau

() b+ d,not a () c<+ b,d
(r5) d+c (re) d+«g
(rs) f<notg (r0) g < not a,not f
Cut] (¢19)] F{not b} [Cut]
FTA: i, 1] (17) Fa [FFA: r1, 16]
BTB: 1] (18) Tb [BFB: 16]
BFA: rp, 3] (19) T{d,nota} [BTA: r, 18]
FFB: rg, 2] (20) Td [BTB: 19]
FFA: rg, 5] (21) T{b,d} [FTB: r3, 18, 20]
FTB: rg, 6] (22) Tc [FTA: 3, 21]
FTA: rg, 7] (23) F{f, not c} [FFB: r7,22]
FFB: r3, 3] (24) Fe [FFA: 7, 23]
FFB: 14, 15, 6] (25) T{c} [FTB: 5,22
FFA:
FFB: i’,rf{]g’ = (26) T{not g} [Cuf] (30) F{notg} [Cuf]
FFA: 1o, 16, 10, 12] (27) Fg  [BTB: 26| (31) Tg [BFB: 30]
FTB: r7,8,11] (28) F{g} [FFBir,r6,27] (32) T{g} [FTB: ra,.
FTA v, 14] (29)  Fc  [WFN: 28] (33) Ff [FFA: rg, 3

Answer Set Programming

(38) T{not a, not f} [FTB: rg, :
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(rn) a< not b
(n) c<g
(r7) e+« f,notc
(1) Ta
) T{not b}
3) Fb
(4) F{d, not a}
(5) F{not a, not f}
(6) Fg
(7) T{not g}
8) Tf
(9) F{b, d}
(10 F{g}
(11) Fc
(12) F{c}
(13) Fd
(14) T{f, not c}
(15) Te
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Tableau Calculi for ASP

Example Tableaux

Tromore++: Example tableau

() b<+d,not a
(I’5) d<+c
(rg) f < notg
Cut]
BTA: r1, 1]
BTB: 2]
BFA: rp, 3]
FFB: rg, 1]
FFA: rg, 5]
FTB: rg, 6]
FTA: rg, 7]
FFB: r3, 3]
FFB: 1y, rg, 6]
FFA: r3, r4,9,10]
FFB: rg, 11] gg; T{’;:"g’ g}
FFA: rs, rg, 10, 12] (28) Fle}
FTB: 7,8, 11] U
FTA: r7, 14]

Answer Set Programming

(r3) c< b,d
(re) d< g
(r0) g < not a,not f
(¢19)] Fa [Cut]
(17)  F{not b}  [BFA: r,16]
(18) Tb [BFB: 17]
(19) T{d,nota} [BTA: r, 18]
(20) Td [BTB: 19]
(21) T{b,d} [FTB: r3, 18, 20]
(22) Tc [FTA: r3, 21]
(23) F{f,notc} [FFB:r;,22]
(24) Fe [FFA: r7, 23]
(25) T{c} [FTB: rs5, 22]
[Cut] (30) F{not g} [Cut]
[BTB: 26] (31) Tg [BFB: 30]
[FFB: 14, r6,27]  (32) T{g} [FTB: rq,
[WFN: 28] (X)) Ff [FFA: rg, 3

(34) T{not a, not f} [FTB: rg, :
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Conflict-Driven Answer Set Solving

Motivation
Boolean Constraints

Nogoods from Logic Programs
m Nogoods from Clark’s Completion
m Nogoods from Loop Formulas

Conflict-Driven Nogood Learning
m CDNL-ASP Algorithm
m Nogood Propagation
m Conflict Analysis

Implementation via clasp

Torsten Schaub (KRRQUP) Answer Set Programming
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Motivation

Motivation

Goal New approach to computing answer sets of logic programs,
based on concepts from

m Constraint Processing (CSP) and
m Satisfiability Checking (SAT)
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Motivation

Motivation

Goal New approach to computing answer sets of logic programs,
based on concepts from

m Constraint Processing (CSP) and
m Satisfiability Checking (SAT)
Idea View inferences in Answer Set Programming (ASP) as unit
propagation on nogoods.
Benefits

m A uniform constraint-based framework for different

kinds of inferences in ASP
m Advanced techniques from the areas of CSP and SAT
m Highly competitive implementation
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Boolean Constraints

Assignments
m An assignment A over dom(A) = atom(I) U body(IN) is a sequence
(01,...,0n)

of signed literals o; of form Tp or Fp for p € dom(A) and 1 < < n.
1 Tp expresses that p is true and Fp that it is false.
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Boolean Constraints

Assignments

m An assignment A over dom(A) = atom(I) U body(IN) is a sequence

(01,...,0n)

of signed literals o; of form Tp or Fp for p € dom(A) and 1 < < n.
1 Tp expresses that p is true and Fp that it is false.

m The complement, &, of a literal o is defined as Tp = Fp and
Fp=Tp.
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Boolean Constraints

Assignments

m An assignment A over dom(A) = atom(I) U body(IN) is a sequence

(01,...,0n)
of signed literals o; of form Tp or Fp for p € dom(A) and 1 < < n.
1 Tp expresses that p is true and Fp that it is false.

m The complement, &, of a literal o is defined as Tp = Fp and
Fp=Tp.

m Ao B denotes the concatenation of assignments A and B.
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Boolean Constraints

Assignments

m An assignment A over dom(A) = atom(I) U body(IN) is a sequence

(01,...,0n)
of signed literals o; of form Tp or Fp for p € dom(A) and 1 < < n.
1 Tp expresses that p is true and Fp that it is false.

m The complement, &, of a literal o is defined as Tp = Fp and
Fp=Tp.

m Ao B denotes the concatenation of assignments A and B.

m Given A = ((71,...,0’k,1,(7k,... ,(Tn), we let A[O’k] = ((71,...,0';(,1).
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Boolean Constraints

Assignments

m An assignment A over dom(A) = atom(I) U body(IN) is a sequence

(01,...,0n)
of signed literals o; of form Tp or Fp for p € dom(A) and 1 < < n.
1 Tp expresses that p is true and Fp that it is false.

m The complement, &, of a literal o is defined as Tp = Fp and
Fp=Tp.

Ao B denotes the concatenation of assignments A and B.

Given A = ((71, 5009 @ k=1l @k oo o ,(Tn), we let A[O’k] = ((71, 560 70’;(,]_).
m We sometimes identify an assignment with the set of its literals.
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Boolean Constraints

Assignments

m An assignment A over dom(A) = atom(I) U body(IN) is a sequence

(01,...,0n)
of signed literals o; of form Tp or Fp for p € dom(A) and 1 < < n.

1 Tp expresses that p is true and Fp that it is false.
m The complement, &, of a literal o is defined as Tp = Fp and
Fp=Tp.
m Ao B denotes the concatenation of assignments A and B.
m Given A = ((71, 5009 @ k=1l @k oo o ,(Tn), we let A[O’k] = ((71, 560 70’;(,]_).
m We sometimes identify an assignment with the set of its literals.
Given this, we access true and false propositions in A via

AT = {p e dom(A) | Tp € A} and AF = {p c dom(A) | Fp c A} .
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Boolean Constraints

Nogoods, Solutions, and Unit Propagation

m A nogood is a set {o1,...,0,} of signed literals,
expressing a constraint violated by any assignment
containing o1,...,0p.

An assignment A such that AT U AF = dom(A) and AT N AF = ()
is a solution for a set A of nogoods, if § £ A for all § € A.
For a nogood ¢, a literal o € §, and an assignment A, we say that
7 is unit-resulting for § wrt A, if
0\A={o} and
g & A.
For a set A of nogoods and an assignment A, unit propagation is the
iterated process of extending A with unit-resulting literals until no
further literal is unit-resulting for any nogood in A.
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expressing a constraint violated by any assignment
containing o1, ...,0p.
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Boolean Constraints

Nogoods, Solutions, and Unit Propagation

m A nogood is a set {01, ...,0,} of signed literals,
expressing a constraint violated by any assignment
containing o1, ...,0p.

m An assignment A such that AT U AF = dom(A) and AT N AF =0
is a solution for a set A of nogoods, if § Z A for all § € A.
m For a nogood ¢, a literal o € §, and an assignment A, we say that
7 is unit-resulting for 0 wrt A, if
0\A={o} and
T ¢ A.
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Boolean Constraints

Nogoods, Solutions, and Unit Propagation

m A nogood is a set {01, ...,0,} of signed literals,

expressing a constraint violated by any assignment
containing o1, ...,0p.
An assignment A such that AT U AF = dom(A) and AT N AF = ()
is a solution for a set A of nogoods, if § Z A for all § € A.
For a nogood 4, a literal o € 4, and an assignment A, we say that
@ is unit-resulting for § wrt A, if

0\A={o} and

T & A.
For a set A of nogoods and an assignment A, unit propagation is the
iterated process of extending A with unit-resulting literals until no
further literal is unit-resulting for any nogood in A.
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs

via Clark's completion

The completion of a logic program [ can be defined as follows:

{ps < PL A APmA=Pmy1 A A=py |
/8 S bOdy(n)’/BZ {pla"'apm)nOt Pm+1a--~7n0t Pn}}

U {pHpﬂl\/'”\/ka ‘
p € atom(MN), body(p) = {f1,---,Bk}} »

where body(p) = {body(r) | r € N, head(r) = p}.
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs (ctd)

via Clark's completion

Let 8 ={p1,---,Pm, N0t Pmi1,-..,Nn0t p,} be a body.
The equivalence

pPg <> pL N\ APm /A Pmy1 A=A =pp
can be decomposed into two implications.
We get

Ps— PLA - APmA=Pmy1t A A=pn

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011

254 / 363



Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs (ctd)

via Clark's completion

Let 8 ={p1,---,Pm, N0t Pmi1,-..,Nn0t p,} be a body.
The equivalence

pPg <> pL N\ APm /A Pmy1 A=A =pp
can be decomposed into two implications.
We get

Pg — P1 A APpm /A =Pmy1 N AN=pn,
which is equivalent to the conjunction of

—pgVp1, .-y 7PV Pm; 7PN TPm+1; ---5 7PV 7Pn -
This set of clauses expresses the following set of nogoods:

AB) ={{TB,Fpi},....{TB,Fpm}, {TB, Tpms1}, ... .{TB, Tpa} } .
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs (ctd)

via Clark's completion

Let 8 ={p1,---,Pm, N0t Pmi1,-..,Nn0t p,} be a body.
The equivalence

Ps < PLA -+ APm A=Pmii A+ A=py

can be decomposed into two implications.

The converse of the previous implication, viz.

PLA - APm A Pmi1 A A=Pn = Pg ,

gives rise to the nogood

0B)={FB,Tp1,..., Tpm, Fpmyt1,...,Fpn} .
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs (ctd)

via Clark's completion

Let 8 ={p1,---,Pm, N0t Pmi1,-..,Nn0t p,} be a body.
The equivalence

P <> PL A APm A TPmy1r Ao A=y
can be decomposed into two implications.
The converse of the previous implication, viz.
PLA = APmA=Pmi1 A A=pn — pg
gives rise to the nogood
6(B) ={FB,Tp1,.... Tpm, Fpmys1,....Fpn} .

Intuitively, 6(3) is a constraint enforcing the truth of body 3, or the
falsity of a contained literal.
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs (ctd)

via Clark's completion

Proceeding analogously with the atom-based equivalences, viz.

P <> pg VoV Pgy

we obtain for an atom p € atom([1) along with its bodies
body(p) = {51, -, Bk} the nogoods

A(p) = {{Fp, TB1},....{Fp, TPk} } and o(p) ={Tp,Fp1,...,FB}.
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs

atom-oriented nogoods

For an atom p where body(p) = {S1, ..., Bk}, recall that

6(p) = {Tp,Fp1,...,FBi}
A(p) = {{FP7Tﬁl}av{FP7Tﬁk}} :
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs

atom-oriented nogoods
For an atom p where body(p) = {S1, ..., Bk}, recall that

5(p) = {Tp,Fp,...,FB}
A(p) = {{Fp,Thi},.... {Fp, TB}} .

For example, for atom x with body(x) = {{y}, {not z}}, we obtain

X <y
X < notz
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs

atom-oriented nogoods
For an atom p where body(p) = {S1, ..., Bk}, recall that

5(p) = {Tp,Fp,...,FB}
A(p) = {{Fp,Tp},....{Fp, TB}} .

For example, for atom x with body(x) = {{y}, {not z}}, we obtain

X 4y (x) = {Tx,F{y},F{not z}}
X < notz {{Fx, T{y}}, {Fx, T{not z}} }

B
Xa¥
|
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs

atom-oriented nogoods

For an atom p where body(p) = {S1, ..., Bk}, recall that

5(p) = {Tp,Fp,...,FB}
A(p) = {{Fp,Tp},....{Fp, TB}} .

For example, for atom x with body(x) = {{y}, {not z}}, we obtain

X 4y (x) = {Tx,F{y},F{not z}}
X 4 notz A(x)

For nogood d(x) = {Tx,F{y},F{not z}}, the signed literal
m Fx is unit-resulting wrt assignment (F{y}, F{not z})

{{Fx, T{y}},{Fx, T{not z}} }
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs

atom-oriented nogoods

For an atom p where body(p) = {S1, ..., Bk}, recall that

5(p) = {Tp,Fp,...,FB}
A(p) = {{Fp,Tp},....{Fp, TB}} .

For example, for atom x with body(x) = {{y}, {not z}}, we obtain

X 4y (x) = {Tx,F{y},F{not z}}
X 4 notz A(x)

For nogood d(x) = {Tx,F{y},F{not z}}, the signed literal
m Fx is unit-resulting wrt assignment (F{y}, F{not z}) and
m T{not z} is unit-resulting wrt assignment (Tx, F{y}).

{{Fx, T{y}},{Fx, T{not z}} }
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs

body-oriented nogoods

For a body 8 ={p1,...,Pm, N0t pmi1,...,not p,}, recall that

6(/8) = {Fﬁvalw'-7TpmaFPm+1a-~~aFPn}
AB) = {{TB8,Fpi},... {TB,Fpm} {TB, Tpms1},. .. {TB, Tpn}}
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs

body-oriented nogoods

For a body 8 ={p1,...,Pm, N0t pmi1,...,not p,}, recall that

6(/8) = {Fﬁvalw'-7TpmaFPm+1a-~~aFPn}
AB) = {{TB8,Fpi},... {TB,Fpm} {TB, Tpms1},. .. {TB, Tpn}}

For example, for body {x, not y}, we obtain

... 4 Xx,not y

... 4 Xx,not y
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs

body-oriented nogoods

For a body 8 ={p1,...,Pm, N0t pmi1,...,not p,}, recall that

6(/8) = {Fﬁvalw'-7TpmaFPm+1a-~~aFPn}
AB) = {{TB8,Fpi},... {TB,Fpm} {TB, Tpms1},. .. {TB, Tpn}}

For example, for body {x, not y}, we obtain

e EXNOLY St ot y)) = {F{x, not y}, Tx, Fy}

A({x,not y}) = {{T{x,not y},Fx},{T{x, not y}, T

... 4 Xx,not y

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 258 / 363



Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs

body-oriented nogoods

For a body 8 ={p1,...,Pm, N0t pmi1,...,not p,}, recall that

6(/8) = {Fﬁvalw'-7TpmaFPm+1a-~~aFPn}
AB) = {{TB8,Fpi},... {TB,Fpm} {TB, Tpms1},. .. {TB, Tpn}}

For example, for body {x, not y}, we obtain

e EXNOLY St ot y)) = {F{x, not y}, Tx, Fy}

A({x,not y}) = {{T{x,not y},Fx},{T{x, not y}, T

... 4 Xx,not y

For nogood d({x, not y}) = {F{x, not y}, Tx,Fy}, the signed literal
m T{x, not y} is unit-resulting wrt assignment (Tx, Fy)
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Nogoods from logic programs

body-oriented nogoods

For a body 8 ={p1,...,Pm, N0t pmi1,...,not p,}, recall that

6(/8) = {Fﬁvalw'-7TpmaFPm+1a-~~aFPn}
AB) = {{TB8,Fpi},... {TB,Fpm} {TB, Tpms1},. .. {TB, Tpn}}

For example, for body {x, not y}, we obtain

e EXNOLY St ot y)) = {F{x, not y}, Tx, Fy}

A({x,not y}) = {{T{x,not y},Fx},{T{x, not y}, T

... 4 Xx,not y

For nogood d({x, not y}) = {F{x, not y}, Tx,Fy}, the signed literal
m T{x, not y} is unit-resulting wrt assignment (Tx,Fy) and
m Ty is unit-resulting wrt assignment (F{x, not y}, Tx).
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Characterization of answer sets
for tight logic programs

Let I1 be a logic program and

An = {3(p) | p e atom(M)} U {5 € A(p) | p € atom(M)}

U {d(B) | B € body(M)} U {6 € A(B) | B € body (M)} .
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Characterization of answer sets
for tight logic programs

Let I1 be a logic program and

An = {3(p) | p e atom(M)} U {5 € A(p) | p € atom(M)}

U {d(B) | B € body(M)} U {6 € A(B) | B € body (M)} .

Theorem

Let 1 be a tight logic program. Then,
X C atom(I) is an answer set of M iff
X = AT natom(N) for a (unique) solution A for Ap.
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Nogoods from Logic Programs Nogoods from Clark’s Completion

Characterization of answer sets
for tight logic programs

Let I1 be a logic program and

An = {3(p) | p e atom(M)} U {5 € A(p) | p € atom(M)}

U {d(B) | B € body(M)} U {6 € A(B) | B € body (M)} .

Theorem

Let 1 be a tight logic program. Then,
X C atom(I) is an answer set of M iff
X = AT natom(N) for a (unique) solution A for Ap.

1= The set Ap of nogoods captures inferences from
(program I and) Clark's completion.
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Nogoods from Logic Programs Nogoods from Clark’'s Completion

Atom-oriented nogoods and tableau rules

m Tableau rules FTA, BFA, FFA, and BTA are atom-oriented.
For an atom p such that body(p) = {51, -, Bk},
consider the equivalence: p<rpg V-V pg,

Inferences from nogoods A(p) = {{Fp, T51},...,{Fp, TBk}}

correspond to those from tableau rules FTA and BFA:

p<+< p<+— B
TS Fp
Tp F5

Inferences from nogood d(p) = {Tp,Fp,...,FBk}
correspond to those from tableau rules FFA and BTA:

Tp
FGi,..., FGy FBi,...,FBi_1,FBii1,. .., F5)
Fp T3;
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Atom-oriented nogoods and tableau rules

m Tableau rules FTA, BFA, FFA, and BTA are atom-oriented.
m For an atom p such that body(p) = {51, .., Bk},
consider the equivalence: p < pg V-V pg,

m Inferences from nogoods A(p) = {{Fp, T/51},...,{Fp, TSk} }
correspond to those from tableau rules FTA and BFA:

p< B p< B
T6 Fp
— — ——
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Atom-oriented nogoods and tableau rules

m Tableau rules FTA, BFA, FFA, and BTA are atom-oriented.
m For an atom p such that body(p) = {51, .., Bk},
consider the equivalence: p < pg V-V pg,

m Inferences from nogoods A(p) = {{Fp, T/51},...,{Fp, TSk} }
correspond to those from tableau rules FTA and BFA:

p< B p< B
T6 Fp
— — ——

m Inferences from nogood d(p) = {Tp,Fp1,...,FBk}
correspond to those from tableau rules FFA and BTA:
Tp
F5i,...,FBk F5i,...,FBi—1,FBit1,...,FBk
Fp TB5i
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Nogoods from Logic Programs Nogoods from Clark’'s Completion

Body-oriented nogoods and tableau rules

m Tableau rules FTB, BFB, FFB, and BTB are body-oriented.

For a bOdy [3 - {plv <5 Pm, not Pm+1;-- -, not Pn} - {/13 try /n}'
consider the equivalence:  pg <> p1 A+ Apm A =Ppmr1 A--- A —pp

Inferences from nogood 4&(8) = {FB,Tp1,..., Tpm,Fpm+1,--.,Fpn}
correspond to those from tableau rules FTB and BFB:

p%/l ..... /n F{/lln}
th,...,tl, th,...,th1,thy1,... th
T{h, .. I} f;

AB) ={{TB,Fp1},... . {TB,Fpm}, {T5, Toms1},- -, {TB, Tpn}}
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Body-oriented nogoods and tableau rules

m Tableau rules FTB, BFB, FFB, and BTB are body-oriented.

m For a body 5= {p1,...,Pm, N0t pm+1,...,n0t pp} ={h,..., I},
consider the equivalence:  pg <> p1 A Apm A =Pmy1 A+ A=pp

m Inferences from nogood (5) = {F53,Tp1,..., TpPm, Fpm+1,...,Fpn}
correspond to those from tableau rules FTB and BFB:

pet,. Flh,... I}
th,..., tl, th,...,thq,thyq,... th
T{h, ) i

m Inferences from nogoods

A(ﬁ) = { {Tﬁa Fpl}a 000y {Tﬁv Fpm}a {Tﬁa Tpm+1}> 000y {Tﬂv Tpn} }
correspond to those from tableau rules FFB and BTB:
p—h,. ... ...,
fl; T{h, ..., liy...,In}
F{h,....li,..., In} t/;
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Nogoods from Logic Programs Nogoods from Loop Formulas

Nogoods from logic programs
via loop formulas (cf. Page 551)

Let 1 be a normal logic program and recall that:
m For L C atom(I), the external supports of L for I are
ESn(L) = {ren| head(r) € L, body™(r)NnL=0}.
m The (disjunctive) loop formula of L for I is
LFr(L) = (\/AGLA) — (VreESn(L) Comp(body(r)))
= (Aregsny~Comp(body(r))) = (AncL™A)-

1 The loop formula of L enforces all atoms in L to be false whenever L is
not externally supported.

m The external bodies of L for I are
EB(L) = {body(r)|r €N, head(r) € L, body™(r)n L= 0}
= {body(r) | r € ESn(L)}.
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Nogoods from Logic Programs Nogoods from Loop Formulas

Nogoods from logic programs

loop nogoods

For a logic program I and some () C U C atom(IN),
define the loop nogood of an atom p € U as

Ap,U) = {Tp,Fpr, ..., Fi}
where EB(U) = {f1,..., Bk}
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Nogoods from logic programs

loop nogoods

For a logic program I and some () C U C atom(IN),
define the loop nogood of an atom p € U as

/\(p7 U) = {Tp7 FBI: SO Fﬁk}
where EB(U) = {p1, ..., Bk}-
In all, we get the following set of loop nogoods for [1:

An = U@CUgatom(ﬂ){)‘(p7 U) | p € U}
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Nogoods from Logic Programs Nogoods from Loop Formulas

Nogoods from logic programs

loop nogoods

For a logic program I and some () C U C atom(IN),
define the loop nogood of an atom p € U as

/\(p7 U) = {Tp7 FBl:"'7F5k}
where EB(U) = {p1, ..., Bk}-
In all, we get the following set of loop nogoods for [1:

An = U@CUgatom(ﬂ){)‘(p7 U) | p € U}

1= The set A of loop nogoods denies cyclic support among true atoms.
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Nogoods from Logic Programs Nogoods from Loop Formulas

Example
Consider
X < not uex
1= Y U<+ v
Y < not x
V& uy

For u in the set {u, v}, we obtain the loop nogood:
Mu,{u,v}) = {Tu,F{x}}
Similarly for v in {u, v}, we get:

Av,{u,v}) = {Tv,F{x}}
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Nogoods from Logic Programs Nogoods from Loop Formulas

Example
Consider
< not v X
n=¢ ~ Y uev
y ¢ not x
Ve uy
For u in the set {u, v}, we obtain the loop nogood:
Ao {u,v}) = {Tu,F{x}}
Similarly for v in {u, v}, we get:
A(vi{u,v}) = {Tv,F{x}}
Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011
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Nogoods from Logic Programs Nogoods from Loop Formulas

Characterization of answer sets

For a logic program T1,
let An and Ap as defined on Page 711 and Page 723, respectively.

Let 1 be a logic program. Then,
X C atom(I) is an answer set of 1 iff
X = AT N atom(N) for a (unique) solution A for Ap U Ap.

Nogoods in Ap augment Ap with conditions checking
for unfounded sets, in particular, those being loops.
While |Ap| is linear in the size of 1, A may contain
exponentially many (non-redundant) loop nogoods !
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Characterization of answer sets
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let An and Ap as defined on Page 711 and Page 723, respectively.
Theorem

Let 1 be a logic program. Then,
X C atom([N) is an answer set of I iff
X = AT N atom(N) for a (unique) solution A for Ap U Ap.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011

265 / 363



Nogoods from Logic Programs Nogoods from Loop Formulas

Characterization of answer sets

For a logic program [1,
let An and Ap as defined on Page 711 and Page 723, respectively.

Theorem

Let 1 be a logic program. Then,
X C atom([N) is an answer set of I iff
X = AT N atom(N) for a (unique) solution A for Ap U Ap.

Some remarks
m Nogoods in A augment Ap with conditions checking
for unfounded sets,

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 265 / 363



Nogoods from Logic Programs Nogoods from Loop Formulas

Characterization of answer sets

For a logic program [1,
let An and Ap as defined on Page 711 and Page 723, respectively.

Theorem

Let 1 be a logic program. Then,
X C atom(I) is an answer set of M iff
X = AT N atom(N) for a (unique) solution A for Ap U Ap.

Some remarks
m Nogoods in A augment Ap with conditions checking
for unfounded sets, in particular, those being loops.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 265 / 363



Nogoods from Logic Programs Nogoods from Loop Formulas

Characterization of answer sets

For a logic program [1,
let An and Ap as defined on Page 711 and Page 723, respectively.

Theorem

Let 1 be a logic program. Then,
X C atom(I) is an answer set of M iff
X = AT N atom(N) for a (unique) solution A for Ap U Ap.

Some remarks
m Nogoods in A augment Ap with conditions checking
for unfounded sets, in particular, those being loops.
m While |Ap| is linear in the size of I,

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 265 / 363



Nogoods from Logic Programs Nogoods from Loop Formulas

Characterization of answer sets

For a logic program [1,
let An and Ap as defined on Page 711 and Page 723, respectively.

Theorem
Let 1 be a logic program. Then,

X C atom(I) is an answer set of M iff
X = AT N atom(N) for a (unique) solution A for Ap U Ap.

Some remarks
m Nogoods in A augment Ap with conditions checking
for unfounded sets, in particular, those being loops.
m While |Ap| is linear in the size of 1, Ap may contain
exponentially many (non-redundant) loop nogoods !
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Conflict-Driven Nogood Learning

Conflict-driven search

Boolean constraint solving algorithms pioneered for SAT led to:
Traditional approach

m (Unit) propagation

m Exhaustive (chronological) backtracking

= DPLL [15, 14]
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Traditional approach
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m Exhaustive (chronological) backtracking
ww DPLL [15, 14]
State of the art
m (Unit) propagation
m Conflict analysis (via resolution)
m Learning + Backjumping + Assertion
= CDCL [79, 61]
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Conflict-Driven Nogood Learning

Conflict-driven search

Boolean constraint solving algorithms pioneered for SAT led to:
Traditional approach

m (Unit) propagation

m Exhaustive (chronological) backtracking

= DPLL [15, 14]
State of the art

m (Unit) propagation

m Conflict analysis (via resolution)

m Learning + Backjumping + Assertion

= CDCL [79, 61]

Idea
= Apply CDCL-style search in ASP solving !
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Conflict-Driven Nogood Learning CDNL-ASP Algorithm

Outline of CDNL-ASP algorithm

[30]
m Keep track of deterministic consequences by unit propagation on:
m Clark’s completion [An]
m Loop nogoods, determined and recorded on demand [An]
1 Dedicated unfounded set detection !
m Dynamic nogoods, derived from conflicts and unfounded sets V]
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Outline of CDNL-ASP algorithm

[30]
m Keep track of deterministic consequences by unit propagation on:
m Clark’s completion [An]
m Loop nogoods, determined and recorded on demand [An]
1 Dedicated unfounded set detection !
m Dynamic nogoods, derived from conflicts and unfounded sets V]

m When a nogood in Ap UV becomes violated:

m Analyze the conflict by resolution until reaching the First Unique
Implication Point (First-UIP) [62]

m Learn the derived conflict nogood

m Backjump to the earliest (heuristic) choice such that the complement
of the First-UIP is unit-resulting for &

m Assert the complement of the First-UIP and proceed
(by unit propagation)
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Conflict-Driven Nogood Learning CDNL-ASP Algorithm

Outline of CDNL-ASP algorithm

[30]
m Keep track of deterministic consequences by unit propagation on:
m Clark’s completion [An]
m Loop nogoods, determined and recorded on demand [An]
1 Dedicated unfounded set detection !
m Dynamic nogoods, derived from conflicts and unfounded sets V]

m When a nogood in Ap UV becomes violated:
m Analyze the conflict by resolution until reaching the First Unique
Implication Point (First-UIP) [62]
m Learn the derived conflict nogood
m Backjump to the earliest (heuristic) choice such that the complement
of the First-UIP is unit-resulting for &
m Assert the complement of the First-UIP and proceed
(by unit propagation)
m Terminate when either:
m Finding an answer set (a solution for Ap U Ap)
m Deriving a conflict independently of (heuristic) choices
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Conflict-Driven Nogood Learning CDNL-ASP Algorithm

Algorithm 1: CDNL-ASP

©OCoo~NOSOG s WN =

S TN S = Gy Sy
No s, WOWN ~=O

Input . A logic program [1.

Output : An answer set of 1 or “no answer set”.

A+ // assignment over atom(I) U body (M)
V0 // set of (dynamic) nogoods
dl <0 // decision level
loop

(A, V) <+ NOGOODPROPAGATION(I, V, A)
if ¢ C A for some e € Aq UV then
if dl = 0 then return no answer set
(6, k) < CONFLICTANALYSIS(g, M, V, A)
VvV« Vu{é}
A+ (A\{oceA|k<dlo)})
dl < k
else if AT U A = atom(I) U body () then
‘ return AT N atom()
else
04 < SELECT(MM, V, A)
dl <+ dl+1
A<+ Ao (O'd)

// learning
// backjumping

// answer set

// heuristic choice of o5 ¢ A

// di(og) = dI
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Conflict-Driven Nogood Learning CDNL-ASP Algorithm

Observations
m Decision level d/, initially set to 0, is used to count the number of
heuristically chosen literals in assignment A.

m For a heuristically chosen literal oy = Tp or o4 = Fp, respectively, we
require p € (atom(M) U body(M)) \ (AT U AF).

m For any literal o € A, dl(o) denotes the decision level of o, viz. the
value d/ had when o was assigned.
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Observations

Decision level d/, initially set to 0, is used to count the number of
heuristically chosen literals in assignment A.

For a heuristically chosen literal oy = Tp or oy = Fp, respectively, we
require p € (atom(M) U body(M)) \ (AT U AF).

For any literal o € A, dl(o) denotes the decision level of o, viz. the
value d/ had when o was assigned.

A conflict is detected from violation of a nogood ¢ C AR U V.

A conflict at decision level 0 (where A contains no heuristically
chosen literals) indicates non-existence of answer sets.

A nogood § derived by conflict analysis is asserting, that is,
some literal is unit-resulting for ¢ at a decision level k < dl.
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Conflict-Driven Nogood Learning CDNL-ASP Algorithm

Observations

m Decision level d/, initially set to 0, is used to count the number of
heuristically chosen literals in assignment A.

m For a heuristically chosen literal oy = Tp or o4 = Fp, respectively, we
require p € (atom(M) U body(M)) \ (AT U AF).

m For any literal o € A, dl(o) denotes the decision level of o, viz. the
value d/ had when o was assigned.

m A conflict is detected from violation of a nogood ¢ C A U V.

m A conflict at decision level 0 (where A contains no heuristically
chosen literals) indicates non-existence of answer sets.

m A nogood ¢ derived by conflict analysis is asserting, that is,
some literal is unit-resulting for ¢ at a decision level k < dl.

= After learning § and backjumping to decision level k,
at least one literal is newly derivable by unit propagation.
== No explicit flipping of heuristically chosen literals !
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Conflict-Driven Nogood Learning CDNL-ASP Algorithm

Example: CDNL-ASP

Consider
n - X< noty U<+ X,y V4 X W < not x,not y |
N y < not x u<+v Vi uy
[dl [ oy o [0
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Example: CDNL-ASP

Consider
n - X < not y U< X,y V4 X W < not x,not y |
N y < not x u<+v Vi uy
[dl [ oy o [0
1| Tu

F{not x, not y}
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Conflict-Driven Nogood Learning CDNL-ASP Algorithm

Example: CDNL-ASP

Consider
n - X < not y U< X,y V4 X W < not x,not y |
N y < not x u<+v Vi uy
[dl [ oy o [0 |
1| Tu

F{not x, not y}
Fw {Tw,F{not x,not y}} = d(w)
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Conflict-Driven Nogood Learning CDNL-ASP Algorithm

Example: CDNL-ASP

Consider
0o {x<—noty U< X,y VX w < not x,not y
y < not x u<v V<uy

[dl [ oy o [0 |

1 |Tu

F{not x, not y}
Fw {Tw,F{not x,not y}} = d(w)
3 | F{not y}
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Example: CDNL-ASP

Consider
n - X < not y U< X,y V4 X W < not x,not y |
N y < not x u<+v Vi uy
[dl | o4 o [0 |
1| Tu

F{not x, not y}
Fw {Tw,F{not x,not y}} = d(w)

3 | F{not y}
Fx {Tx,F{not y}} = (x)
F{x} | {T{x},Fx} € A({x})
Fioyd | Ty} Fxp e A({x,v})
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Conflict-Driven Nogood Learning CDNL-ASP Algorithm

Example: CDNL-ASP

Consider
0o {x<—noty U< X,y VX w < not x,not y
y < not x u<v V<uy

[dl | o4 o [0 |

1 |Tu

F{not x, not y}
Fw {Tw,F{not x,not y}} = d(w)
3 | F{not y}

Fx {Tx,F{not y}} = (x)
F{x} | {T{x} Fx} € A({x})
FOovt | {T{x v} Fxt € A({x,x})

{Tu, F{x}, Flx 3} = Au, {u,v}) | x
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Conflict-Driven Nogood Learning

CDNL-ASP Algorithm

Consider
n — X < not y u<Xx,y V< X
_ y ¢ not x U+ v Viuy
(doa & |0
1| Tu

Torsten Schaub (KRRQUP)
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Conflict-Driven Nogood Learning CDNL-ASP Algorithm

Example (ctd): CDNL-ASP

Consider
n — X < not y u<Xx,y V< X W<—notx,noty'
_ y ¢ not x U+ v Viuy
(diTos & [0
1| Tu

Tx | {Tu,Fx} eV

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 271 / 363



Conflict-Driven Nogood Learning CDNL-ASP Algorithm

Example (ctd): CDNL-ASP

Consider
n — X < not y u<Xx,y V< X W<—notx,noty'
_ y ¢ not x U+ v Viuy
(diTos & [0
1| Tu

Tx | {Tu,Fx} eV

.Tv .{Fv,T{x}} € A(v)
Fy | {Ty,F{not x}} = d(y)
Fw | {Tw,F{not x, not y}} = d(w)

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 271 / 363



Conflict-Driven Nogood Learning CDNL-ASP Algorithm

Example (ctd): CDNL-ASP

Consider
n — X < not y u<Xx,y V< X W<—notx,noty'
_ y ¢ not x U+ v Viuy
(diTos & [0
1| Tu

Tx | {Tu,Fx} eV

.Tv .{Fv,T{x}} € A(v)
Fy | {Ty,F{not x}} = d(y)
Fw | {Tw,F{not x, not y}} = d(w)
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Conflict-Driven Nogood Learning Nogood Propagation

Outline of NOGOODPROPAGATION

m Derive deterministic consequences via:

m Unit propagation on Ap and V;
m Unfounded sets U C atom(IN).

m Note that U is unfounded if EB(U) C AF.
= For any p € U, we have (A(p, U) \ {Tp}) C A.
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Outline of NOGOODPROPAGATION

m Derive deterministic consequences via:

m Unit propagation on Ap and V;
m Unfounded sets U C atom(IN).

m Note that U is unfounded if EB(U) C AF.
= For any p € U, we have (A(p, U) \ {Tp}) C A.

m An ‘“interesting” unfounded set U satisfies:
f C UC (atom(N)\ AF) .
m Wrt a fixpoint of unit propagation,

such an unfounded set contains some loop of I1.
= Tight programs do not yield “interesting” unfounded sets !
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Conflict-Driven Nogood Learning Nogood Propagation

Outline of NOGOODPROPAGATION

Derive deterministic consequences via:
m Unit propagation on Ap and V;
m Unfounded sets U C atom(I).
m Note that U is unfounded if EB(U) C AF.
= For any p € U, we have (A(p, U) \ {Tp}) C A.

m An ‘“interesting” unfounded set U satisfies:
f C UC (atom(N)\ AF) .

m Wrt a fixpoint of unit propagation,
such an unfounded set contains some loop of [1.
= Tight programs do not yield “interesting” unfounded sets !
m Given an unfounded set U and some p € U, adding A(p, U) to V
triggers a conflict or further derivations by unit propagation.
= Add loop nogoods atom by atom to eventually falsify all p € U.
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Conflict-Driven Nogood Learning Nogood Propagation

Algorithm 2: NOGOODPROPAGATION

Input : A logic program 1, a set V of nogoods, and an assignment A.
Output : An extended assignment and set of nogoods.
1 U«+0 // set of unfounded atoms
2 loop
3 repeat
4 if § C A for some § € Ap UV then return (A, V) // conflict
5 Y+ {6e€AnuV |(0\A)={c}7¢A} // unit-resulting nogoods
6 if X # 0 then
7 let 0 € (6 \ A) for some § € X in
8 L | AcAc(@)  //di@) = max({di(p) | p € (5\ {o})} U{0})
9 until ¥ =0
10 if I is tight then return (A, V) // no unfounded set ) C U C (atom(I) \ AF)
11 else
12 U<+ (U\ AF)
13 if U= (0 then U <~ UNFOUNDEDSET([T, A)
14 if U = () then return (A, V) // no unfounded set ) C U C (atom(IN) \ AF)
15 let pc Uin
16 L V <« VU{X(p,U)} // record unit-resulting or violated loop nogood
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Conflict-Driven Nogood Learning Nogood Propagation

Requirements for UNFOUNDEDSET

m Implementations of UNFOUNDEDSET must guarantee the following
for a result U:
U C (atom() \ AF);
EB(U) C AF;
U = 0 iff there is no nonempty unfounded subset of (atom(I) \ AF).
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m Implementations of UNFOUNDEDSET must guarantee the following
for a result U:

U C (atom() \ AF);

EB(U) C AF;

U = () iff there is no nonempty unfounded subset of (atom(I) \ AF).
m Beyond that, there are various alternatives, such as:

m Calculating the greatest unfounded set.

m Calculating unfounded sets within strongly connected components of

the positive atom dependency graph of I1.
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Conflict-Driven Nogood Learning Nogood Propagation

Requirements for UNFOUNDEDSET

m Implementations of UNFOUNDEDSET must guarantee the following
for a result U:
U C (atom() \ AF);
EB(U) C AF;
U = () iff there is no nonempty unfounded subset of (atom(I) \ AF).
m Beyond that, there are various alternatives, such as:
m Calculating the greatest unfounded set.
m Calculating unfounded sets within strongly connected components of
the positive atom dependency graph of I1.
1= Usually, the latter option is implemented in ASP solvers !
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Conflict-Driven Nogood Learning Nogood Propagation

Example: NOGOODPROPAGATION

Consider
n - X4 noty U+ X,y VX W < not x,not y |
y < not x U< v V< uy
[di[oa & [ 6 |
1| Tu
2 | F{not x, not y}
Fw {Tw, F{not x,not y}} = 6(w)
3 | F{not y}
Fx {Tx,F{not y}} = 0(x)

F{x} {T{x},Fx} € A({x})

Fix,y} | {T{x,y},Fx} € A({x,y})
T{not x} | {F{not x},Fx} = 6({not x})
Ty {F{not y},Fy} = 6({not y})
T{v} {Tu, F{x,y},F{v}} = d(v)
T{u,y} {F{uvy}’Tuva}:(s({uvy})
Tv {Fv,T{u,y}} € A(v)

{Tu, F{X}’ F{X7Y}} = )‘(u7 {u, V}) X
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Conflict-Driven Nogood Learning Conflict Analysis

Outline of CONFLICTANALYSIS

m Conflict analysis is triggered whenever some nogood § € A UV
becomes violated, viz. § C A, at a decision level d/ > 0.

1= Note that all but the first literal assigned at d/ have been
unit-resulting for nogoods ¢ € A U V.

= |f o € 0 has been unit-resulting for £, we obtain a new violated nogood
by resolving ¢ and ¢ as follows:

CARCHISICARCH I
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Outline of CONFLICTANALYSIS

m Conflict analysis is triggered whenever some nogood § € A UV
becomes violated, viz. § C A, at a decision level d/ > 0.

1= Note that all but the first literal assigned at d/ have been
unit-resulting for nogoods ¢ € A U V.

= |f o € 0 has been unit-resulting for £, we obtain a new violated nogood
by resolving ¢ and ¢ as follows:

CARCHISICARCH I

m Resolution is directed by resolving first over the literal o € § derived
last, viz. (0 \ Alo]) = {o}.

1= |terated resolution progresses in inverse order of assignment.
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Conflict-Driven Nogood Learning Conflict Analysis

Outline of CONFLICTANALYSIS

Conflict analysis is triggered whenever some nogood § € Ap UV
becomes violated, viz. § C A, at a decision level d/ > 0.

Note that all but the first literal assigned at d/ have been
unit-resulting for nogoods ¢ € A U V.

= |f o € 0 has been unit-resulting for £, we obtain a new violated nogood
by resolving ¢ and ¢ as follows:

(6\{eh)U(e\{a}) -
Resolution is directed by resolving first over the literal o € § derived
last, viz. (0 \ Alo]) = {o}.
1= |terated resolution progresses in inverse order of assignment.
Iterated resolution stops as soon as it generates a nogood §
containing exactly one literal o assigned at decision level dI.

m This literal o is called First Unique Implication Point (First-UIP).
v All literals in (0 \ {o'}) are assigned at decision levels smaller than d/.
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Conflict-Driven Nogood Learning Conflict Analysis

Algorithm 3: CONFLICTANALYSIS
Input : A violated nogood 9, a logic program I1, a set V of nogoods, and
an assignment A.
Output : A derived nogood and a decision level.

loop
let o € § such that (6 \ Alo]) = {o} in
k < max({dl(p) | p € 6\ {o}} U{0})
if k = di(c) then
let e € An UV such that (¢ \ Alo]) = {7} in
L d+ (6\{chu(e\{a}) // resolution

else return (4, k)

N o hs WN =
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Conflict-Driven Nogood Learning Conflict Analysis

Example: CONFLICTANALYSIS

Consider
n - X < not y U< X,y V4 X
y < not x u<v V<uy
dl| oy o )
1|Tu
2 |F{not x, not y}
Fw {Tw, F{not x, not y}} = o(w)
3 [F{not y}
Fx {Tx,F{not y}} = d(x)
Fix} = {T{x}Fx} e A({x})
Fix,y} {T{xy},Fx} € A({x y})
T{not x}|{F{not x},Fx} = §({not x})
Ty {F{not y},Fy} = 6({not y})
T{vi  [{Tu,F{x,y},F{v}} = d(u)
T{u,y} {F{u,y} Tu, Ty} =0({u,y})
Tv {Fv,T{u,y}} € A(v)

{Tu, F{X}7 F{X,y}} = )‘(uv {Ll, V})

Torsten Schaub (KRRQUP)
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Conflict-Driven Nogood Learning Conflict Analysis

Remarks

m There always is a First-UIP at which conflict analysis terminates.

1= |n the worst, resolution stops at the heuristically chosen literal
assigned at decision level dI.
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Remarks

m There always is a First-UIP at which conflict analysis terminates.

1= |n the worst, resolution stops at the heuristically chosen literal
assigned at decision level dI.

m The nogood § containing First-UIP ¢ is violated by A, viz. § C A.
m We have k = max({dl(p) | p€ 0\ {o}}U{0}) < dl.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 279 / 363



Conflict-Driven Nogood Learning Conflict Analysis

Remarks

m There always is a First-UIP at which conflict analysis terminates.

1= |n the worst, resolution stops at the heuristically chosen literal
assigned at decision level dI.

m The nogood § containing First-UIP ¢ is violated by A, viz. § C A.
m We have k = max({dl(p) | p€ 0\ {o}}U{0}) < dl.

= After recording 0 in V and backjumping to decision level k,
7 is unit-resulting for ¢ !
1= Such a nogood § is called asserting.
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Conflict-Driven Nogood Learning Conflict Analysis

Remarks

m There always is a First-UIP at which conflict analysis terminates.

1= |n the worst, resolution stops at the heuristically chosen literal
assigned at decision level dI.

m The nogood § containing First-UIP ¢ is violated by A, viz. § C A.

m We have k = max({dl(p) | p€ 0\ {o}}U{0}) < dl.
= After recording 0 in V and backjumping to decision level k,
7 is unit-resulting for ¢ !
1= Such a nogood § is called asserting.
1= Asserting nogoods direct conflict-driven search into a different region
of the search space than traversed before,
without explicitly flipping any heuristically chosen literal !
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Implementation via clasp

The clasp system
[32]

m Native ASP solver combining conflict-driven search with sophisticated
reasoning techniques:

m Advanced preprocessing including, e.g., equivalence reasoning
Lookback-based decision heuristics

Restart policies

Nogood deletion

Progress saving

Dedicated data structures for binary and ternary nogoods

Lazy data structures (watched literals) for long nogoods
Dedicated data structures for cardinality and weight constraints
Lazy unfounded set checking based on “source pointers”

Tight integration of unit propagation and unfounded set checking
Reasoning modes
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Implementation via clasp

The clasp system
[32]

m Native ASP solver combining conflict-driven search with sophisticated
reasoning techniques:

Advanced preprocessing including, e.g., equivalence reasoning
Lookback-based decision heuristics

Restart policies

Nogood deletion

Progress saving

Dedicated data structures for binary and ternary nogoods

Lazy data structures (watched literals) for long nogoods
Dedicated data structures for cardinality and weight constraints
Lazy unfounded set checking based on “source pointers”

Tight integration of unit propagation and unfounded set checking
Reasoning modes

1= Many of these techniques are configurable !
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Implementation via clasp

Reasoning modes of clasp

Beyond deciding answer set existence, clasp allows for:
m Optimization

m Enumeration [without solution recording]
m Projective Enumeration [without solution recording]
m Brave and Cautious Reasoning determining the

®m union or
m intersection

of all answer sets by computing only linearly many of them

1= Reasoning applicable wrt answer sets as well as supported models
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Beyond deciding answer set existence, clasp allows for:

m Optimization

m Enumeration [without solution recording]
m Projective Enumeration [without solution recording]
m Brave and Cautious Reasoning determining the

® union or

m intersection
of all answer sets by computing only linearly many of them
1= Reasoning applicable wrt answer sets as well as supported models
Front-ends also admit clasp to solve:
m Propositional CNF formulas

m Pseudo-Boolean formulas
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Implementation via clasp

Reasoning modes of clasp

Beyond deciding answer set existence, clasp allows for:

m Optimization

m Enumeration [without solution recording]
m Projective Enumeration [without solution recording]
m Brave and Cautious Reasoning determining the

® union or

m intersection
of all answer sets by computing only linearly many of them
1= Reasoning applicable wrt answer sets as well as supported models
Front-ends also admit clasp to solve:
m Propositional CNF formulas
m Pseudo-Boolean formulas

Find clasp at: http://potassco.sourceforge.net

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 281 / 363


http://potassco.sourceforge.net

Equivalence
Overview
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Motivation

Strong Equivalence

Uniform Equivalence

Torsten Schaub (KRRQUP)

Equivalence of Logic Programs
[53, 76]

Ordinary Equivalence
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Motivation

Questions
m How to optimize logic programs?
m How to remove redundancies in
automatically generated logic programs?

Given that ASP is nonmonotonic,
it is difficult to attribute meaning to

because the addition of further rules generally
changes the overall semantics.
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Motivation

Questions
m How to optimize logic programs?
m How to remove redundancies in
automatically generated logic programs?
Difficulty Given that ASP is nonmonotonic,
it is difficult to attribute meaning to

W program parts or
m incomplete programs

because the addition of further rules generally
changes the overall semantics.
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Notions of Equivalence

Two logic programs 11 and Iy are
m equivalent (|_|1 = |_|2) if A5(|—|1) = AS(”Q).

strongly equivalent (My = MNy) if AS(MN;UN’) =AS(M,UIT)

for any logic program IT.

uniformly equivalent (My =, M) if AS(M; UF) = AS(MU F)

for any set F of facts.

Mi={avb<« }and Ny ={a<+ not b,b<+ not a}

My = My since AS(My) = {{a}, {b}} = AS(M>)
|_|1 §é5 |_|2, Ehoe I'I’:{a%b,b<—a}
M =, Mo

strong equivalence implies uniform equivalence and
uniform equivalence implies (ordinary) equivalence.
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Notions of Equivalence

Two logic programs [y and [y are
m equivalent (My = My) if AS(MNy1) = AS(My).
m strongly equivalent (M =, My) if AS(MyUN’) = AS(MUN’)
for any logic program I1’.
m uniformly equivalent (M; =, My) if AS(N; UF) =AS(M2U F)
for any set F of facts.

Example My ={aV b+« }and My ={a< not b,b<+ not a}
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Notions of Equivalence

Two logic programs [y and [y are
m equivalent (My = My) if AS(MNy1) = AS(My).
m strongly equivalent (M =, My) if AS(MyUN’) = AS(MUN’)
for any logic program I1’.
m uniformly equivalent (M; =, My) if AS(N; UF) =AS(M2U F)
for any set F of facts.
Example My ={aV b+« } and Ny ={a< not b,b <+ not a}
m [1; =My since AS(My) = {{a}, {b}} = AS(2)
mlly# Myeg NM={a«<b,b+a}
=Tl
Implications

m strong equivalence implies uniform equivalence and
m uniform equivalence implies (ordinary) equivalence.
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Ordinary Equivalence
m Consider My = {a ¢ b} and My = {a - c}.
M =My but (MU{b<«})Z(MU{b<+}).
Consider My = {a < not b} and My = {a +}.
M=, but (MU{b«})Z(MhU{b«)).

Ordinary equivalence in ASP does not allow for
substitution of equivalents:

My =My notimplies = T[My/MNy],

for any logic programs [y, Iy, and [1.

The non-monotonicity of ASP makes equivalence of programs a much
weaker concept than equivalence in (monotonic) classical logic.
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Strong Equivalence

m Two logic programs Iy and Iy are strongly equivalent if
(N UMN) = (N UM for any logic programs I .

m Strong Equivalence (SE) guarantees substitution of equivalents.
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Strong Equivalence

m Two logic programs Iy and Iy are strongly equivalent if

(N UMN) = (N UM for any logic programs I .

m Strong Equivalence (SE) guarantees substitution of equivalents.

m How to test strong equivalence?
= How to avoid testing AS(IN; UT1") = AS(M, UTT)
for any logic program I’'?
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SE-models

Model-theoretic characterization of Strong Equivalence.
Let I be a logic program over alphabet A.

An SE-interpretation over A is a pair (X, Y) such that X C Y C A
An SE-interpretation (X, Y) is an SE-model of I if

Y EN

X EnY

SE(IM) denotes the set of all SE-models of [T
|_|1 =5 I"I2 iff SE(Hl) — SE(I_I2)

If (X, X) is the unique SE-model of N whose second
component is X, then X is an answer set of [1.
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SE-models

Model-theoretic characterization of Strong Equivalence.
Let I be a logic program over alphabet A.
m An SE-interpretation over A is a pair (X, Y) suchthat X C Y C A
m An SE-interpretation (X, Y) is an SE-model of I if
Y =N
X EnY
m SE(I) denotes the set of all SE-models of I1

Theorem MMy =, My iff SE(M1) = SE(MM>)

Observation If (X, X) is the unique SE-model of 1 whose second
component is X, then X is an answer set of I1.
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Example: SE-models

M ={avb<« }and My ={a<« not b,b<+ not a}
We get the following SE-models over {a, b}:

SE(M) = {({a}. {a}), ({6}, {6}). ({a}, {a, b}), ({b}.{a,b}), ({a, b
SE(Mp) = SE(M)u{(0,{a, b})}

We have

SE(IMy) # SE(My) implies My # MMy
Counterexample Take " ={a« b,b+ a}
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Example: SE-models

MN={a<«}andMy={a<« ,a< b,a<« notc}
We get the following SE-models over {a, b, c}:

SE(M) = {({a}{a}), ({a}. {a. b)), ({a}.{a. c}),

({2}, {a. b, c}), ({2, b} {2, b}), ({a. b}, {a, b, c}),

({a.c} {a.c}), ({a ¢} {a b c}), ({2, by c}. {2, by c}) }
SE(My) = SE(M,)

For rules r; and rp, we have {rn} =s {rn, n}
whenever SE({ri}) C SE({r})

SE({rn}) € SE({r2}) holds for any rules where
body(r1) C body(r2)
In any program, delete a rule r, whenever there is some
rule r; such that body(r1) C body(r).
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We get the following SE-models over {a, b, c}:

SE(M) = {({a},{a}), ({a}, {a,b}), ({a}, {a, c});
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Strong Equivalence
Normal versus Disjunctive logic programs
Let I1 be a normal program.

If (U,Y) e SE(N) and (V,Y) e SE(N), then
(UN V,Y) e SE(N).

Since for any X, MX is a Horn program.)

Reduct-Intersection is not satisfied by disjunctive logic programs.

If the SE-models of a disjunctive program do not satisfy
reduct-intersection, then no strongly equivalent normal programs
exists.
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Strong Equivalence
Normal versus Disjunctive logic programs
Reduct-Intersection Let I1 be a normal program.

If (U, Y) € SE(N) and (V, Y) € SE(IN), then
(UNV,Y) e SE(N).

(.= Since for any X, X is a Horn program.)
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Example
m Recall program Ny = {aV b <} along with
SE(M1) = {({a},{a}), ({b}, {b}), ({a},{a, b}), ({b}, {a, b}), ({a, b},

m SE(MMy) is not closed under reduct-intersection, since ({a}, {a, b})
and ({b},{a, b}) call for (0, {a, b}).

= No normal program is strongly equivalent to {aV b < }.
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UE-models

Model-theoretic characterization of Uniform Equivalence.
Let I be a logic program over alphabet A.
An SE-interpretation (X, Y) is a UE-model of I if
(X,Y) e SE() and
for each Z with X € Z C Y, we have (Z,Y) ¢ SE(N)

UE() denotes the set of all UE-models of I
|_|1 =y FI2 iff UE(ﬂl) — UE(I'I2)
UE-models of a program [1 are

all SE-models (X, X) of I,
all further SE-models (X, Y) of 1, where X C Y is
maximal in being a model of MY
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UE-models

Model-theoretic characterization of Uniform Equivalence.
Let I be a logic program over alphabet A.
m An SE-interpretation (X, Y) is a UE-model of I if
(X,Y) e SE(M) and
for each Z with X C Z C Y, we have (Z,Y) ¢ SE(IN)
m UE(I) denotes the set of all UE-models of I

Theorem My =, M iff UE(My) = UE(T)

Observation UE-models of a program [1 are

m all SE-models (X, X) of I,
m all further SE-models (X, Y) of I, where X C Y is
maximal in being a model of MY
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Example: UE-models
M ={avb<« }andMy={a<not b,b<+ not a}
UE(Ny) = SE(IM)
= {({a},{a}), ({b}, {b}), ({a},{a, b}), ({b},{a, b}), ({a, b

UE(NM2) = SE(M2)\ {(0,{a,b})}
= SE(My)

We have
UE(My) = UE(MNy) implies My =, My and My =5
although SE(INy) # SE(M>).

Note that the SE-model (0, {a, b}) is no UE-model of My, since
({a},{a, b}) is an UE-model of ,.
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Program Transformations
Let be N a (disjunctive) logic program.

TAUT if head(r) N body™(r) # () then M=, N\ {r} and
M=, N\{r},
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Program Transformations

Let be N a (disjunctive) logic program.

TAUT

RED™

NONMIN

CONTRA

if head(r) N body™(r) # 0 then M=, N\ {r} and
M=, N\{r},

eg. {a+,a+al = {a+}

ri, r2 € T, body(r2) = 0, head(r2) C body(r1), then
NM=N\{n}and N=,0\{n}

e.g. {a< ,b<« nota} = {a+}

ri, ry € M, head(r2) C head(r1), body(r2) C body(r1), then
NM=,N\{n}and N=,N0\{n},

eg {a< ,a< b}=s{a<}

body™(r) N body(r) # 0, then M =, M\ {r} and
Nn=,N\{r},

e.g. {b+ a,nota} =10
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Program Transformations (ctd)

WGPPE rn €M, ac body+(r1),
G, ={rn €N | head(r) = a}, G, # 0, then N =, NU G,
(o € {s, u}) holds where G = {head(r) «+
(body™ (1) \ {a}) U not body~(r1) U body(n) | r2 € Ga},
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Program Transformations (ctd)

WGPPE rn €M, ac body+(r1),
Gy ={rn €N | head(r,) = a}, G, # 0, then N =, NU G,
(o € {s, u}) holds where G = {head(r) «+
(body™ (1) \ {a}) U not body~(r1) U body(n) | r2 € Ga},

S-IMP r,r" € I such that there exists an A C body ™~ (r’) such that

head(r) C head(r') U A, body~(r) C body (r') \ A and
body™(r) C body™(r') we have M=, N\ {r'} and
N=,0\{r}
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Modularity
Overview

Splitting Sets

Modules

M Composition
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Splitting Sets

Splitting Sets
£
m A splitting set for a program I1 is a set U of atoms such that

if head(r) € U, then atom(r) C U for each r € .

A splitting set U divides the program into two parts, namely,
the bottom of [, defined as

by(M) ={ren|atom(r) C U},
and the top of I, that is, I\ by(M).
If U is a splitting set of I, then by (M) = {r € M | head(r) € U}.
The bottom by(I) does not contain any head atoms from the top
M\ by(M), that is, atom(by(M)) N head (N \ by(M)) = 0.
A set X of atoms is an answer set of 1 iff there is an answer set Y of
by(IM) such that X is an answer set of {p <— | p € Y}U(I\ by(M)).
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the bottom of I, defined as
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and the top of M, that is, M\ by(M).
m If U is a splitting set of I, then by(M) = {r € N | head(r) € U}.
m The bottom by() does not contain any head atoms from the top
M\ by(M), that is, atom(by(M)) N head(N \ by(MN)) = 0.
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Splitting Sets

Splitting Set Theorem
m Given two sets U, X of atoms and a program [1, define
HU’X _ {I’EH (body*(r)ﬁU)QX, }

(body=(r)NU)NX =10

head(r') = head(r),
ey(M, X) = {r’ re NYX, body™(r') = body™(r)\ U, }
body=(r') = body (r)\ U
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I_IU’X

eu(rl,X)

m A solution to I wrt a splitting set U is a pair (Xo, X1) such that

{rel'l

/
r

Splitting Sets

Splitting Set Theorem

m Given two sets U, X of atoms and a program [1, define

head(r")
re NYX. body™(r')
body~(r')

Xo is an answer set of by(I), and
X1 is an answer set of ey(M\ by(M), Xo).

Torsten Schaub (KRRQUP)
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(body™(r)n U) € X,
(body=(r)NU)NX =10 }

head(r),

body™*(r) \ U,
body(r)\ U
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Splitting Sets

Splitting Set Theorem

m Given two sets U, X of atoms and a program [1, define

X (body™(r) N U) C X,
nes = {rel'l (body=(r)NU)NX =10 }

head(r') = head(r),
eu(N,X) = < | renYX body™(r) = body™(r)\ U,
body=(r') = body (r)\ U
m A solution to I wrt a splitting set U is a pair (Xo, X1) such that

Xo is an answer set of by(I), and
X1 is an answer set of ey(M\ by(M), Xo).

Theorem (Splitting Set Theorem)

Given a splitting set U for I,
a set X of atoms is an answer set of I iff
X = Xo U Xy for some solution (Xp, X1) to N wrt U.
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Splitting Sets
Splitting Sequences

m A sequence (U;)ics of splitting sets for I1 such that U; C U; whenever
i <jand [J;¢; Ui = atom() is a splitting sequence for .
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Splitting Sets

Splitting Sequences

m A sequence (U;)ics of splitting sets for I1 such that U; C U; whenever
i <jand [J;¢; Ui = atom() is a splitting sequence for .

m A solution to N wrt a splitting sequence (U;);¢c; is a sequence (X)ic/
of sets of atoms such that

Xo is an answer set of by, (M), and
Xi+1 is an answer set of ey, (by,,, (M) \ by, (M), U;<; X;).

m Note that

every atom in by, (IM) belongs to Uy N atom([), and
every atom in ey, (by,, (M) \ by, (M), U;<; X;) belongs to
(U,'+1 \ U,') n atom(l'l). -
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Splitting Sets

Splitting Sequence Theorem

m We have for a solution (Xj);c; that
Xo Uo N atom(I)
Xii1 (Uis1 \ Ui) N atom(N)
and so X; N X; = () for all distinct /,j € /.

-
-
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Splitting Sets

Splitting Sequence Theorem

m We have for a solution (Xj);c; that
Xo Uo N atom(I)
Xii1 (Uis1 \ Ui) N atom(N)
and so X; N X; = () for all distinct /,j € /.

-
-

Theorem (Splitting Sequence Theorem)

Given a splitting sequence (U;)ic; for I,
a set X of atoms is an answer set of I1 iff
X = Uie; Xi for some solution (X;)ic; to I wrt (U;)ie;.
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Modules

Modules

m Given a logic program I1 and pairwisely distinct sets /, O, and H of
atoms, a module M is a quadruple (M1, /, O, H) such that
atom(M) C /UOUH and
head(N) C O U H.
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Modules

Modules

m Given a logic program I1 and pairwisely distinct sets /, O, and H of
atoms, a module M is a quadruple (M1, /, O, H) such that

atom(M) C /UOUH and
head(N) C O U H.

m The elements of /, O, and H are called input, output, and hidden
atoms, respectively.

m The atoms in / U O are to be visible and thus subject to interaction
with other modules.
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Modules

Answer Sets of Modules

m An answer set X of a module M = (M, /, O, H) is defined as the
C-minimal model of

NXu{a«<|aeXnl}

where MX = {head(r) «+ body™(r) | r € M and body(r)N X = 0}.
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Modules

Answer Sets of Modules

m An answer set X of a module M = (M, /, O, H) is defined as the
C-minimal model of

NXu{a«<|aeXnl}

where MX = {head(r) «+ body™(r) | r € M and body(r)N X = 0}.

m Applying the Lin-Zhao Theorem on Page 555,% we get:

Lemma

Given a module M = (N, 1, O, H) and an interpretation X C | UO U H,
X is an answer set of M iff X = (Comp(M)\{A<+ L|Aecl})ULF(MN).

2For a module M = (M, /, 0, H), we define atom(N) = /U O U H.
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Composition

(In)dependence

Given a logic program I, let SCCT(IM) denote the set of all strongly
connected components in the positive atom dependency graph of [,
represented by their vertices.

m Two modules Ny and M are said to be mutually dependent,
if there is some S € SCC*(My UMy) shared by My and My, viz.,
if SN (01 UH;)#0and SN (0, U Hy) # 0.

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 304 / 363



Composition

(In)dependence

Given a logic program I, let SCCT(IM) denote the set of all strongly
connected components in the positive atom dependency graph of [,
represented by their vertices.

m Two modules Ny and M are said to be mutually dependent,
if there is some S € SCC*(My UMy) shared by My and My, viz.,
if SN (01 UH;)#0and SN (0, U Hy) # 0.

Lemma

Given two modules Ty and My such that
Hlﬂ(lzLJOgUHz):Hgﬂ(lluOlqu):(Z),

My and Ny, are mutually dependent iff

SNO;#0 and SN Oy # () for some S € SCCH(My UMy).
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Composition

Module Join
[24]
m Define the join of two modules My and My, written My LI My, as
(|_|1 Uy, (/1 \ 02) U (/2 \ Ol), 01U Oy, H U H2)

provided that
Hlﬂ(IQUOQUHz):Hzﬂ(/lLJOlUHl):@ and
SN0y =0or SN0, =0 forall S € SCCH(My UTMy).
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Composition

Module Join
[24]
m Define the join of two modules My and My, written My LI My, as
(|_|1 Uy, (/1 \ 02) U (/2 \ 01), 01U Oy, H U H2)

provided that
Hlﬂ(IQUOQUHz):Hzﬂ(lluOlqu):U) and
SNO;=0or SN0, =0 forall Se SCCT(MN; UM,).
m The last requirement implies O; N O, = 0;
unlike this, L Nk # 0 is allowed.
m The module join imposes neither restrictions on any negative
dependencies nor on positive dependencies inside modules,
respectively.
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Composition

Module Theorem
[70]

m Given two modules Ny and Iy, define two interpretations
X1 C(hUO1UH;) and Xy C (b U O, U Hp) as mutually compatible
if X1N (/2 U 02) =XoN (/1 U 01).

m That is, whenever X and X agree upon the truth values of the
visible atoms common to both My and M.
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Composition

Module Theorem
[70]

m Given two modules Ny and Iy, define two interpretations
X1 C(hUO1UH;) and Xy C (b U O, U Hp) as mutually compatible
if X1N (/2 U 02) =XoN (/1 U 01).

m That is, whenever X and X agree upon the truth values of the
visible atoms common to both My and M.

Theorem (Module Theorem)

Given two modules T1y and My such that My U My is defined, and two
mutually compatible interpretations X1 C (I U Oy U Hy) and

X, C (/2 Uuo,U Hz).

Then, we have

X1UXs € AS(I‘Il L ng) iff X1 € AS(I‘Il) and X, € AS(”Q) .
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Composition

Example
Consider I'I1 = (I'Il, Il, Ol, H1:@) and I12 = (|_|2, 12, 02, H2:®),

where:

_{aeb b+ a } _{x<—y Y+ x }
My = My =
b+ z C < not z Yy cC Z 4 not ¢

h={z} b = {c}

01 ={a,b,c} O, = {x,y,z}
Each module’s program contains several strongly connected
components: SCC™(MN;) = {{a, b}, {c},{z}} and
SCCH() = {{x, v}, {2}, {c}}.
Although {c} and {z} belong to both SCC™(M;) and SCC™(I5),
there is no strongly connected component in SCC*(M; U My) =
SCC™(MNy) U SCCT(My) that contains atoms from both O; and O;.
This and the absence of hidden atoms establish that the join of My
and I is well-defined, and we obtain

MUy =Ny UMy, 0,{a,b,c,x,y,z},0).
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Composition

Example (ctd)

m Module My has answer sets {c} and {a, b, z};
module My has answer sets {z} and {x, y, c}.

m Module M; LI My has answer sets {x,y,c} and {a, b, z}.

m As regards negative dependencies, we observe that neither My nor I,
comprises any negative cycles.
This is different in Ty LI Ty, where the underlying program induces an
even cycle because of ¢ < not z and z < not c.
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Composition

Module Theorem (ctd)

m Given that the join operation is associative,
the last result generalizes to finite collections (I;);c; of modules
along with pairwisely compatible interpretations (Xj);c; such that
X; C ([;UO;UH;) for je J.

m Then, provided that |_|j€J M; is defined, we have that

Uies X € AS(Lje, M) iff X € AS(N;) for all j € J .
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Composition

From splitting sets to modules

m A splitting set can be used as a basis for a module structure:

Given a splitting set U for I1, define

n

(by(M),0,U,0) U (N\ by(M), U, atom(M) \ U, D) .
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Composition

From splitting sets to modules

m A splitting set can be used as a basis for a module structure:
Given a splitting set U for I1, define

N = (by(M), 0, U,0) (N \ by(MN), U, atom(MN) \ U, D) .

m A splitting sequence can be used as a basis for a module structure:
Given a splitting sequence (U;);¢; for I, define
Mo = (by,(M), 0, Uo,0)
Nivi = (by,,(M)\ by, (M), Ui, (Uiza \ Uj), 0) .
(Recall that |J;<;U; C Ujt1.)

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 310 / 363



Incremental Grounding and Solving

Motivation

Incremental Modularity
Incremental ASP Solving
Experiments

Conclusion

Torsten Schaub (KRRQUP) Answer Set Programming

Overview

July 4, 2011

311 / 363



Motivation

Motivation

Many real-world applications, having exponential state spaces, like
m bio-informatics,
m planning,
m model checking,
m etc.

have associated PSPACE-decision problems.
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have associated PSPACE-decision problems.

1= For instance, the plan existence problem of deterministic planning is
PSPACE-complete.
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Motivation

Motivation

Many real-world applications, having exponential state spaces, like
m bio-informatics,
m planning,
m model checking,
m etc.
have associated PSPACE-decision problems.
1= For instance, the plan existence problem of deterministic planning is
PSPACE-complete.

But the problem of whether there is a plan having a length bounded
by a given polynomial is in NP.
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Motivation

Motivation

State of the Art In ASP such problems are dealt with by iterative
deepening search.
That is, considering one problem instance after another by
gradually increasing the bound on the solution size.
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Motivation

Motivation

State of the Art In ASP such problems are dealt with by iterative
deepening search.
That is, considering one problem instance after another by
gradually increasing the bound on the solution size.

Problem This approach

m is prone to redundancies in grounding and solving, and
m cannot harness modern look-back techniques regarding
conflict-driven learning and heuristics.
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Motivation

Motivation

State of the Art In ASP such problems are dealt with by iterative
deepening search.
That is, considering one problem instance after another by
gradually increasing the bound on the solution size.
Problem This approach

m is prone to redundancies in grounding and solving, and
m cannot harness modern look-back techniques regarding
conflict-driven learning and heuristics.

Goal Avoiding redundancy by gradually processing the extensions
to a problem rather than repeatedly re-processing the entire
extended problem.

Proposal An incremental approach to both grounding and solving in
ASP.
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Motivation

Problem Specification

m A (parameterized) domain description is a triple (B, P, Q) of logic
programs, among which P and @ contain a (single) parameter k
ranging over the natural numbers.

We sometimes denote P and Q by P[k] and Q[k].

m The base program B is meant to describe static knowledge,
independent of parameter k.
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Motivation

Problem Specification

m A (parameterized) domain description is a triple (B, P, Q) of logic
programs, among which P and @ contain a (single) parameter k
ranging over the natural numbers.

We sometimes denote P and Q by P[k] and Q[k].

m The base program B is meant to describe static knowledge,
independent of parameter k.
The role of P is to capture knowledge accumulating with
increasing k, whereas Q is specific for each value of k.

m One goal is then to decide, for instance, whether the program

Rlk/i1 = BUUs<j<iPlk/j]V Qlk/i]

has an answer set for some (minimum) integer i > 1.
We write R[i] rather than R[k/i] whenever clear from the context.
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Motivation

Grounding and Solving, classically
Input A domain description R[k] = (B, P[k], Q[k]).

Output A non-empty set of answer sets of R[k/i], for instance.
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Grounding and Solving, classically

Input A domain description R[k] = (B, P[k], Q[k]).
Output A non-empty set of answer sets of R[k/i], for instance.

Ground B U P[1]U Q1] and Solve B U P[1] U Q[1]
Ground B U P[1] U P[2] U Q[2] and Solve BU P[1] U P[2] U Q[2]

Ground BU P[1] U P[2] U P[3] U Q[3] and
Solve B U P[1] U P[2] U P[3] U Q[3]
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Motivation

Grounding and Solving, classically

Input A domain description R[k] = (B, P[k], Q[k]).
Output A non-empty set of answer sets of R[k/i], for instance.

Ground B U P[1]U Q1] and Solve B U P[1] U Q[1]
Ground B U P[1] U P[2] U Q[2] and Solve BU P[1] U P[2] U Q[2]

Ground BU P[1] U P[2] U P[3] U Q[3] and
Solve B U P[1] U P[2] U P[3] U Q[3]

i. etc. until an answer set is obtained.
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Motivation

Grounding and Solving, incrementally
Input A domain description R[k] = (B, P[k], Q[k]).

Output A non-empty set of answer sets of R[k/i], for instance.
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Motivation

Grounding and Solving, incrementally
Input A domain description R[k] = (B, P[k], Q[k]).

Output A non-empty set of answer sets of R[k/i], for instance.

Ground B
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Motivation

Grounding and Solving, incrementally
Input A domain description R[k] = (B, P[k], Q[k]).

Output A non-empty set of answer sets of R[k/i], for instance.

Ground B and Keep B
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Motivation
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Input A domain description R[k] = (B, P[k], Q[k]).
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Keep B U P[1], and Discard Q[1]

Ground P[2] U Q[2], Solve BU P[1] U P[2] U Q[2],
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Motivation

Grounding and Solving, incrementally
Input A domain description R[k] = (B, P[k], Q[k]).

Output A non-empty set of answer sets of R[k/i], for instance.

Ground B and Keep B

Ground P[1] U Q[1], Solve BU P[1] U Q[1],
Keep B U P[1], and Discard Q[1]

Ground P[2] U Q[2], Solve BU P[1] U P[2] U Q[2],
Keep B U P[1]U P[2], and Discard Q[2]

Ground P[3] U Q[3], Solve BU P[1] U P[2] U P[3] U Q[3],
Keep B U P[1]U P[2] U P[3], and Discard Q3]

i. etc. until an answer set is obtained.
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Motivation

An Example

not p(0)

p(0), =p(0)

not —a(k)

not a(k)

a(k)

p(k_l)’ not _‘p(k)
Sp(k—1), not p(k)
p(k), ~p(k)

\ a(k), —a(k)

—p holds at 0 < not —p(0)
p holds at n — < Q[k] = { « not p(k)
—a occurs at n < not —a(k)

not —p(0) }

a causes p a(k)
exogenous a — —a(k)
inertial p 9
(k)
(k)

TPerr et Tt
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Incremental Modularity

Module

A module P is a triple (P, /, O) consisting of

m a (ground) program P over grd(A) and
m sets /, O C grd(.A) such that

m/NO=0,
m atom(P) C /U O, and
m head(P) C O.

The elements of / and O are called input and output atoms
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Incremental Modularity

Module

A module P is a triple (P, /, O) consisting of

m a (ground) program P over grd(A) and
m sets /, O C grd(.A) such that

m/NO=0,
m atom(P) C /U O, and
m head(P) C O.

The elements of | and O are called input and output atoms,
m also denoted by /(P) and O(PP), respectively;
m similarly, we refer to (ground) program P by P(P).
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Incremental Modularity

Recall: Ground Instantiation

m The ground instantiation of a program P is defined as

grd(P) ={r0 | re P,0:var(r) - U} , where
U={teT|var(t)=0}.

m Analogously, grd(A) = {a € A | var(a) = 0}.
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Incremental Modularity

Recall: Ground Instantiation

m The ground instantiation of a program P is defined as

grd(P) ={r0 | re P,0:var(r) - U} , where
U={teT|var(t)=0}.

m Analogously, grd(A) = {a € A | var(a) = 0}.

m Note that the set 7 of terms includes the natural numbers !
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Incremental Modularity

Formal Setting
m For a program P over grd(.A) and a set X C grd(A),

P|x = {head(r)<+ body™(r)UL |
r € P,body™(r) C X,L = {not c | c € body (r)NX}} .

1= P|x projects the bodies of rules in P to the atoms of X.
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Incremental Modularity

Formal Setting
m For a program P over grd(.A) and a set X C grd(A),

P|x = {head(r)<+ body™(r)UL |
r € P,body™(r) C X,L = {not c | c € body (r)NX}} .

1= P|x projects the bodies of rules in P to the atoms of X.

m For a program P over A and | C grd(.A), define
P(/) as the module

(grd(P)ly, 1, head(grd(P)|x)) ,

where X = | U head(grd(P)) and Y = | U head(grd(P)|x).
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Incremental Modularity

Formal Setting
m For a program P over grd(.A) and a set X C grd(A),

P|x = {head(r)<+ body™(r)UL |
r € P,body™(r) C X,L = {not c | c € body (r)NX}} .

1= P|x projects the bodies of rules in P to the atoms of X.

m For a program P over A and | C grd(.A), define
P(/) as the module

(grd(P)ly, 1, head(grd(P)|x)) ,

where X = | U head(grd(P)) and Y = | U head(grd(P)|x).
m Let P(/) = (P’,1,0). Then, we have

O C grd(A) and atom(P')C1UO .
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Incremental Modularity

A Simple Example

Consider
Plk] = { p(k) <= p(Y),not p(2)  p(k) < p(2) }

and note that grd(P[1]) is infinite !
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Incremental Modularity

A Simple Example
Consider
P[k] = { p(k) <= p(Y),not p(2)  p(k) < p(2) }

and note that grd(P[1]) is infinite !
For P[1] and I = { p(0) }, we get the module

(grd(P[1])l{p(0),p(1) - {P(0)}, {p(1)})

where grd(P[1])|p(0),p(1)} = {P(1) <= p(0)  p(1) < p(1)} .
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Incremental Modularity

Modular Domain Description

m Define the join of two modules P and Q, P U Q, as the module

(PP)UP@), I(P)U(I(Q)\ O(F)), O(P)UO(Q)) ,
provided that (/(P) U O(P)) N O(Q) = 0.
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Incremental Modularity

Modular Domain Description
m Define the join of two modules P and Q, P U Q, as the module
(PP)UP@), I(P)U(I(Q)\ O(F)), O(P)UO(Q)) ,
provided that (/(P) U O(P)) N O(Q) = 0.

1= Recursion between two modules to be joined is disallowed.
15 Recursion is allowed within each module.
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Incremental Modularity

Modular Domain Description
m Define the join of two modules P and Q, P U Q, as the module
(PP)UP@), I(P)U(I(Q)\ O(F)), O(P)UO(Q)) ,
provided that (/(P) U O(P)) N O(Q) = 0.

1= Recursion between two modules to be joined is disallowed.
15 Recursion is allowed within each module.

m A domain description (B, P[k], Q[k]) is modular, if the modules
P, =P, U ]P)[I.](O([Pifl)) and Q; =P;u Q[’](O(Pl))

are defined for i > 1, where Py = B(().
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Incremental Modularity

A Pragmatic Approach
A domain description (B, P[k], Q[k]) is modular, if

m atoms defined in B comprise dedicated predicates or 0 as argument,
m atoms defined in P[k] comprise k as argument, and

m atoms defined in Q[k] comprise dedicated predicates and k as
argument.

The above conditions can be formalized as follows:
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Incremental Modularity

A Pragmatic Approach
A domain description (B, P[k], Q[k]) is modular, if

m atoms defined in B comprise dedicated predicates or 0 as argument,
m atoms defined in P[k] comprise k as argument, and

m atoms defined in Q[k] comprise dedicated predicates and k as
argument.

The above conditions can be formalized as follows:
m atom(grd(B)) N (U, <; head(grd(P[i] U Q[]))) =

m (Uy; atom(grd(P[i]))) N (U, <; head(grd(Q [I])))
m atom(grd(P[i])) N (U,-<J- head(grd(P[j]))) =0 forall 1 </, and

m atom(grd(Q[i])) N (U,-<j head(grd(Q[j]))) =0 for all 1 < .

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 323 / 363



Incremental ASP Solving

Incremental ASP Solving (made very easy)
See [26] for formal details!

For a program P over A and | C grd(.A), an incremental
grounder is a partial function
ground : (P, 1) — (P, 0)

)

where P’ is a program over grd(A) and O C grd(A).

For programs R, R’ over grd(.A) and a set L of literals over
grd(A), an incremental solver is a pair of total functions

add: R— R and solve: L+ X,

where x is a subset of the power set of grd(.A).
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grounder is a partial function

ground : (P, 1) — (P, 0),

where P’ is a program over grd(A) and O C grd(A).
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Incremental ASP Solving (made very easy)
See [26] for formal details!

Grounding For a program P over A and | C grd(.A), an incremental
grounder is a partial function

ground : (P, 1) — (P, 0),

where P’ is a program over grd(A) and O C grd(A).

Solving For programs R, R’ over grd(.A) and a set L of literals over
grd(\A), an incremental solver is a pair of total functions

add: R— R and solve: L+ X,

where x is a subset of the power set of grd(.A).
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Incremental ASP Solving

Algorithm 4: isolve
Input : A domain description (B, P[k], Q[k]).
Output : A nonempty set of answer sets.
Internal : A grounder GROUNDER.
Internal : A solver SOLVER.

1i+0

2 (Po, O) < GROUNDER.ground(B, 0)

3 SOLVER.add(P)

4 loop

5 i i+1

6 (Pi, Oi) < GROUNDER.ground(P[i], O)

7 SOLVER.add(P;)

8 O+ 0UO;

9 (Qi, Of) + GROUNDER.ground(Q[i], O)
10 SOLVER.add(Qi(ay) U {{ai} <} U {+ ai_1})
11 X <~ SOLVER.solve({«;})

12 if X # 0 then return {X \ {«/} | X € X}
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Incremental ASP Solving

a causes p
exogenous a
inertial p

|

=p holds at 0
p holds at n
—a occurs at n

Torsten Schaub (KRRQUP)

Answer Set Programming

Example Reloaded

p(0) <« not —p(0)
-p(0) < not p(0)
< p(0),~p(0)
a(k) <« not —a(k)
—a(k) < not a(k)
p(k) <« a(k)

p(k) <« p(k—1), not =p(k)
-p(k) <« —p(k—1), not p(k)
< p(k),—p(k)

— a(k),_‘a(k)
< not —p(0)
< not p(k) }
+ not —a(k)
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Incremental ASP Solving

Example Reloaded

i Rules L
0B p(0) <« not —p(0)
—p(0) <« not p(0)
A p(O),ﬁp(O)
11 P[1] a(l) « not —a(1)
—-a(l) « not a(l)
p(1) « a(l)
p(1) «  p(0), not —~p(1)
—p(1) <« =p(0), not p(1)
— p(l),ﬁp(l)
« a(1),-a(1)
QI](a1) < not =p(0),a1 |y
+— not p(1), 1
+— not na(l),aq
foa; <
— Qp
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Incremental ASP Solving

Example Reloaded

i Rules L
0B p(0) <+ not —p(0)
-p(0) « not p(0)
< P(O),_‘P(O)
1 :
2 | P2] a(2) « not —a(2)
—-a(2) « not a(2)
p(2) <« a(2)
p(2) <« p(1),not =p(2)
=p(2) < —p(1), not p(2)
&~ P(2),_‘P(2)
< a(2),~a(2)
QMIas) — ot -p(0),az | a2
+— not p(2),an
< not —a(2), as
{ao} <
— o
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Incremental ASP Solving

incremental.lp

Example with iclingo

$ iclingo -V[erbosel

incremental.lp

#base.
p(0) :- mnot -p(0). iclingo version 2.0.2 (clasp 1.1.1)
-p(0) :- mnot p(0). Reading from incremental.lp...
- p(0), -p(0). =============== gstep 1 ==============:
Grounding. ..
#cumulative k. Preprocessing...
a(k) :- not -a(k). Solving. ..
-a(k) :- mnot a(k). =============== step 2 ==============:
p(k) :- a(k). Grounding. ..
p(k) :- p(k-1), not -p(k). | Preprocessing...
-p(k) :- -p(k-1), not p(k). | Solving...
- p(k), -p(k). Answer: 1
:- a(k), -a(k). -p(0) a(1) p(1) -a(2) p(2)
=============== Summary =============
#volatile k.
:- not -p(0). Models g il
:- not p(k). Total Steps : 2
:- not -a(k). Time : 0.000
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Experiments

Experiments

We consider iclingo in four settings, keeping over successive solving steps
learned constraints,
learned constraints and heuristic values,
heuristic values only, and
neither.
We compare these variants with iterative deepening search using

m clingo, the direct combination of gringo and clasp via an internal
interface, as well as

m gringo and clasp via a textual interface (using the output language of
Iparse).
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Experiments

Experiments

[ Name | n || iclingo(1) | iclingo(2) | iclingo(3) | iclingo(4) || clingo || gringo|clasp |
Blocks- 20 2.61 2.61 2.62 2.62 37.09 42.41
world 25 6.78 6.84 6.80 6.80 124.35 138.68
30 15.68 15.80 15.71 15.81 330.15 362.39
35 32.43 32.36 32.29 32.31 753.90 821.96
40 60.99 60.75 60.71 61.04 - -
> 118.49 118.36 118.13 118.58 2445.49 2565.44
Queens 80 19.46 65.83 39.98 47.79 144.28 153.61
90 36.72 135.19 70.81 81.70 249.13 264.21
100 49.25 227.69 111.99 128.62 409.69 431.23
110 64.05 424.03 176.16 201.67 636.91 669.75
120 99.54 612.76 274.29 354.00 958.34 1003.67
> 269.02 1465.50 673.23 813.78 2398.35 2522.47
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Experiments

Experiments

[ Name | n || iclingo(1) | iclingo(2) | iclingo(3) | iclingo(4) || clingo || gringo|clasp |
Sokoban | 16 243.22 287.46 320.07 334.08 376.74 384.41
12 26.50 37.55 50.61 28.19 27.83 28.43
16 124.26 124 .44 320.97 341.94 189.48 194.12
16 135.72 164.70 128.66 183.74 120.60 123.57
18 140.80 145.07 233.71 275.12 236.60 242.19
16 26.86 40.60 290.41 27.88 45.94 47.04
17 1165.67 906.00 734.44 730.09 887.26 904.75
14 119.95 140.11 106.40 213.22 96.26 98.10
14 35.42 42.74 58.79 46.81 70.16 71.81
21 286.46 200.43 600.19 777.68 278.97 285.09
17 120.33 140.44 139.19 156.85 171.01 174.90
14 39.09 36.21 36.00 47.48 66.12 67.43
> 2464.28 2265.75 2758.44 3163.08 2566.97 2621.84
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Experiments

Experiments

[ Name | n || iclingo(1) | iclingo(2) | iclingo(3) | iclingo(4) || clingo || gringo|clasp |
Sokoban | 16 - - - - - -
back 12 51.23 44.62 98.09 57.42 72.59 74.30

16 264.81 201.48 265.21 359.38 296.45 302.46
16 148.19 121.19 150.06 145.40 148.25 151.43
18 723.07 - - - 1059.02 1081.34
16 243.81 185.00 340.97 190.32 402.27 410.72
17 599.74 714.40 1051.60 825.61 - -
14 149.37 126.04 164.98 191.33 170.36 173.74
14 29.73 69.46 73.03 28.04 43.06 43.89
21 346.56 428.43 400.81 295.69 402.78 411.70
17 181.00 143.20 172.83 317.82 234.21 239.56
14 15.06 58.45 39.27 17.50 59.63 60.78
> 3952.57 4492.27 5156.85 4828.51 5288.62 5349.92
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Experiments

Experiments

[ Name [ n [ iclingo(1) | iclingo(2) | iclingo(3) | iclingo(4) || clingo || gringo|clasp |
Towers 33 38.00 42.96 48.46 27.15 31.98 32.76
Kz 61.40 36.78 47.09 45.95 61.77 63.39
36 81.26 60.77 88.52 131.29 86.56 88.46
39 223.46 155.76 184.63 204.13 PAR:Y) 222.74
41 429.82 327.74 392.47 34211 459.97 471.22
> 833.94 624.01 761.17 750.63 857.17 878.57
Towers 33 4.62 6.42 5.68 5.80 12.59 12.79
back 34 55.79 33.42 56.27 42.39 52.80 54.00
36 16.66 16.46 14.69 17.11 24.81 25.38
39 27.88 25.43 28.60 32.83 46.01 46.85
41 48.20 36.38 62.75 40.62 83.78 85.60
p 153.15 118.11 167.99 138.75 219.99 224.62

| S || 7791.45 | 9084.00 | 9635.81 | 9813.33 || 13776.59 14162.86
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Conclusion

Conclusion

m Tackling bounded problems in ASP, paving the way for more
ambitious real-world applications.

m Module theory provides us with

® a natural semantics for non-ground, parameterized program slices and
m makes precise their composition by appeal to input/output interfaces.

m First experimental results indicate the computational impact of our
incremental approach, but more needs to be done !
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Conclusion

Conclusion

m Tackling bounded problems in ASP, paving the way for more
ambitious real-world applications.

m Module theory provides us with

® a natural semantics for non-ground, parameterized program slices and
m makes precise their composition by appeal to input/output interfaces.

m First experimental results indicate the computational impact of our
incremental approach, but more needs to be done !

1= |ncremental problems differ from traditional ones !
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Motivation

Motivation

Observation

Certain applications are more naturally modeled by mixing
Boolean with non-Boolean constructs, eg., accounting for

B resources,
m fine timings, or

m functions over finite domains.
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Motivation

Introduction

Groundbreaking Work in ASP [7, 63, 64]

m semantics for multi-sorted, first-order language

m algorithms using DPLL-style backtracking
SAT Modulo Theories [68]

m no modelling language

m algorithms using CDCL-style backjumping and learning
Our ASP approach [34]

m propositional semantics
m algorithms using CDCL-style backjumping and learning
m use off-the-shelf CP solvers
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Motivation

SAT Modulo Theories
SAT Modulo Theories (SMT)

m logical formulas with respect to combinations of background theories
m real numbers, integers, lists, arrays, bit vectors ...
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Motivation

SAT Modulo Theories
SAT Modulo Theories (SMT)

m logical formulas with respect to combinations of background theories
m real numbers, integers, lists, arrays, bit vectors ...

SAT

(xVyVz)A(-xV-yV-z)
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Motivation

SAT Modulo Theories
SAT Modulo Theories (SMT)

m logical formulas with respect to combinations of background theories
m real numbers, integers, lists, arrays, bit vectors ...

SMT

(sin(x)* = cos(log(y) - x) Vb vV —x%2>23y)
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Motivation

SAT Modulo Theories
SAT Modulo Theories (SMT)

m logical formulas with respect to combinations of background theories
m real numbers, integers, lists, arrays, bit vectors ...

SMT
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Preliminaries

Outline

Preliminaries
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Preliminaries

Constraint Satisfaction Problem

Definition

A Constraint Satisfaction Problem (CSP) consists of
m a set V of variables,
m a set D of domains, and

m a set C of constraints
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Preliminaries

Constraint Satisfaction Problem

Definition

A Constraint Satisfaction Problem (CSP) consists of
m a set V of variables,
m a set D of domains, and
m a set C of constraints

such that

m each variable v € V has an associated domain dom(v) € D;

m a constraint c is a pair (S, R) consisting of a k-ary relation R on a
vector S C VX of variables, called the scope of R.
w For S = (vi,...,vk), we have R C dom(vq) X - -+ x dom(vy).
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Preliminaries

Example
s e n d
+ m o r e
m o n e y

Each letter corresponds exactly to one digit and all variables have to be
pairwisely distinct.

V ={s,e,n,d,m,o,r,y} dom(v) =0..9 for all v € V
C ={(V, allDistinct(V)),
(V, sx1000+ e x 100+ nx 10+ d+
m x 10004+ 0 x 100+ r x 10 + e ==
m x 10000 + o x 1000 + n x 100 + e x 10 + y),

((m), m == 1)}
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Preliminaries

Example
s e n d
+ m o r e
m o n e y

Each letter corresponds exactly to one digit and all variables have to be
pairwisely distinct.
The example has exactly one solution.

{s—9%e—~5n—6d—>7Tm—1l0—0,r—8y—2}

o|l— ©O
O O
o1l 0 O
N|OC1 N

+
1
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Preliminaries

Constraint Satisfaction Problem

Notation

We use S(c) = S and R(c) = R to access the scope and the relation of a
constraint ¢ = (S, R).
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Preliminaries

Constraint Satisfaction Problem

Notation

We use S(c) = S and R(c) = R to access the scope and the relation of a
constraint ¢ = (S, R).

Definition
For an assignment A: V — |J,c\, dom(v) and a constraint (S, R) with
scope S = (v1,..., k), define

satc(A) ={c e C| A(S(¢c)) € R(c)}

where A(S) = (A(v1), ..., A(w)).
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Preliminaries

Constraint Answer Set Programming

Definition
A Constraint Logic Program P is a logic program over an extended
alphabet A U C where

m A is a set of regular atoms and

m C is a set of constraint atoms,

such that head(r) € A for each r € P.
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Preliminaries

Constraint Answer Set Programming

Definition
A Constraint Logic Program P is a logic program over an extended
alphabet A UC where
m A is a set of regular atoms and
m C is a set of constraint atoms,
such that head(r) € A for each r € P.

Auxiliary Definition

Given a set of literals B and some set B of atoms, we define
Blg=(BTNnB)U{not a|a€ B~ NB}.
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Preliminaries

Constraint Answer Set Programming

Definition

We identify constraint atoms with constraints via a function
v:C— C

furthermore, v(Y) = {7y(c) | c € Y} for any Y C C.

Unlike regular atoms A, constraint atoms C are not subject to the
unique names assumption, eg.

1x<y) = A(((=y =) < -(x+ 1)) A (x #y))
A constraint logic program P is associated with a CSP
as follows

C[P] = y(atom(P) N C),
V[P] is obtained from the constraint scopes in C[P],
D[P] is provided by a declaration.
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Preliminaries

Constraint Answer Set Programming

Definition

We identify constraint atoms with constraints via a function
v:C—C

furthermore, v(Y) = {v(c) | c € Y} forany Y C C.

Note

m Unlike regular atoms A, constraint atoms C are not subject to the
unique names assumption, eg.

Yx<y) = (((~y -1 < =(x+1)A(x#y))
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Preliminaries

Constraint Answer Set Programming

Definition

We identify constraint atoms with constraints via a function
v:C—C
furthermore, v(Y) = {v(c) | c € Y} forany Y C C.

Note

m Unlike regular atoms A, constraint atoms C are not subject to the

unique names assumption, eg.
Yx<y) = W((-y =1) S =(x+ 1)) A(x #y))
m A constraint logic program P is associated with a CSP
as follows
m C[P] = v(atom(P)NC),
m V[P] is obtained from the constraint scopes in C[P],
m D[P] is provided by a declaration.
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Preliminaries

Constraint Answer Set Programming

Definition
Let P be a constraint logic program over A U C and

let A: V[P] — D[P] be an assignment.
We define the constraint reduct of as P wrt A as follows.

PA = { head(r) < body(r)|4|r € P,
v(body(r)lc™) C satcip)(A),
*y(body(r)]c_) N satc[p](A) =0 }
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Preliminaries

Constraint Answer Set Programming

Definition
Let P be a constraint logic program over A U C and
let A: V[P] — D[P] be an assignment.
We define the constraint reduct of as P wrt A as follows.
PA = { head(r) < body(r)|4|r € P,
y(body(r)le ™) C satcipy(A),
v(body(r)lc™) N satcipy(A) =0 }

Definition
A set X C A of (regular) atoms is a constraint answer set of P wrt A, if X
is an answer set of PA.
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Preliminaries

Constraint Answer Set Programming

Definition
Let P be a constraint logic program over A U C and

let A: V[P] — D[P] be an assignment.
We define the constraint reduct of as P wrt A as follows.

PA = { head(r) < body(r)|4|r € P,

v(body(r)|c™) C satcipy(A),
*y(body(r)]c_) N satc[p](A) =0 }

Definition
A set X C A of (regular) atoms is a constraint answer set of P wrt A, if X
is an answer set of PA.

= That is, if X is the C-smallest model of (PA)X.
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Modeling Language

Modeling Language

Note

Although our semantics is propositional, the atoms in A and C are
constructible from a multi-sorted, first-order signature given by:

m a set Py U P¢ of predicate symbols such that P4 N P = 0,

m a set F 4 U F¢ of function symbols
(including constant symbols),

m a set V4 of regular variable symbols, and

m a set Vo C T(Fa) of constraint variable symbols, where T (F4)
denotes the set of all ground terms over F 4.

As common in ASP, the atoms in AU C are obtained by a grounding
process.
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Modeling Language

time(0..tmax)

bucket(a) bucket(b)

1 {pour(B, T) : bucket(B)} 1

1<% amt(B, T)

amt(B, T) <*3

amt(B, T)=%0

vol(B, T+1) =% vol(B, T) + amt

vol(a,0) =*0 vol(b,0) =*1

Torsten Schaub (KRRQUP) Answer Set Programming

TT T T T T

4

An Example

time(T), T < tmax
pour(B, T), T < tmax
pour(B, T), T < tmax

not pour(B, T), T < tmax
time(T) < tmax

vol(C, T) <3 vol(B, T)
not down(B, T)

up(a, tmax)
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Modeling Language

An Example

m Consider the signature of our exemplary program:

{B,C, T} C Va4

{07"'7tmaX7+737 b7amta VO/} g f.A
{<, time, bucket, pour, up, down} C Py
{071737+} g FC

(=%, << Pe
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Modeling Language

An Example
m Consider the signature of our exemplary program:
{B,C,T} C Va
{0, ..., tmax, +,a, b,amt,vol} C F4
{<, time, bucket, pour, up, down} C Py
{07 ]-7 37 +} g FC
(=%, << Pe

m With substitution {B +— b, T +— 1, tmax — 2}, we get:
amt(b,1) =0 <« not pour(b,1)
vol(b,2) =% vol(b,1) + amt(b,1)
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Modeling Language

An Example
m Consider the signature of our exemplary program:
{B,C,T} C Va
{0, ..., tmax, +,a, b,amt,vol} C F4
{<, time, bucket, pour, up, down} C Py
{07 ]-7 37 +} g FC
(=%, << Pe

m With substitution {B +— b, T +— 1, tmax — 2}, we get:
amt(b,1) =* 0 <« not pour(b,1)

vol(b,2) =% vol(b,1) + amt(b,1)

m and, among others, our signature hence contains

{amt(b,1),vol(b,1),vol(b,2)} < Ve
{pour(b,1)} < A
{amt(b,1) =% 0, vol(b,2) =% vol(b,1) + amt(b,1)} C C
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m and, among others, our signature hence contains

{amt(b,1),vol(b,1),vol(b,2)} C V¢
{pour(b,1)} < A
{amt(b,1) =% 0, vol(b,2) =% vol(b,1) + amt(b,1)} C C

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 350 / 363



Modeling Language

An Example
m Consider the signature of our exemplary program:
{B,C,T} C Va
{0, ..., tmax, +,a, b,amt,vol} C F4
{<, time, bucket, pour, up, down} C Py
{07 ]-7 37 +} g FC
(=%, << Pe

m With substitution {B +— b, T + 1, tmax — 2}, we get:
amt(b,1) =* 0 <« not pour(b,1)

vol(b,2) =% vol(b,1) + amt(b,1)

m and, among others, our signature hence contains

{amt(b,1),vol(b,1),vol(b,2)} < Ve
{pour(b,1)} < A
{amt(b,1) =% 0, vol(b,2) =% vol(b,1) + amt(b,1)} C C
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Modeling Language

An Example

For tmax = 2, our program has eleven constraint answer sets,
summarized as follows

up(a,0)|pour(a,0) amt(a,0)||up(a, 1)|pour(a,1) amt( 1)||up(a,2)
T T 1 T T 1,2,3 F
T T 2.3 F T 1,2,3 3
T T 3 F F 0 F
T F 0 T T 3 F
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Modeling Language

An Example

For tmax = 2, our program has eleven constraint answer sets,
summarized as follows

up(a,0)|pour(a,0) amt(a,0)| up(a,1)|pour(a,1) amt(a,1)||up(a,2)

T T 1 T T 1,2,3 F
T T 2,3 3 T 1,2,3 F
T T 3 3 F 0 F
T F ) T T 3 F
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Algorithms

CDNL

Main Algorithm

loop
PROPAGATE

if no conflict then

if partial assignment then DECIDE
else return solution

else if some decisions made then

ANALYZE CONFLICT
RECORD REASON
BAckiump

else exit
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Main Algorithm

loop
PROPAGATE

if no conflict then

if partial assignment then DECIDE
else return solution

else if some decisions made then

ANALYZE CONFLICT
RECORD REASON
BAckiump

else exit
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Algorithms

ASP Propagation

Propagation Algorithm

loop
UNIT-PROPAGATION
if conflict then return

else if UNFOUNDED-SET then

RECORD LOOP-NOGOOD
if conflict then return

else return
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Algorithms

Constraint ASP Propagation

Propagation Algorithm

loop
UNIT-PROPAGATION
if conflict then return

else if UNFOUNDED-SET then

RECORD LOOP-NOGOOD
if conflict then return

else if CONSTRAINT-PROPAGATION then
if conflict then return

else return
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Algorithms

CDNL

Main Algorithm

loop
PROPAGATE

if no conflict then

if partial assignment then DECIDE
else return solution

else if some decisions made then

ANALYZE CONFLICT
RECORD REASON
BAckiump

else exit

Torsten Schaub (KRRQUP) Answer Set Programming July 4, 2011 355 / 363



Algorithms

Constraint CDNL

Main Algorithm

loop
PROPAGATE

if no conflict then

if partial assignment then DECIDE
else if CSP-SOLVE then return solution
else

ANALYZE CONFLICT
RECORD REASON
BACKJUMP

else if some decisions made then
ANALYZE CONFLICT
RECORD REASON
BACKJUMP

else exit
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Experiments

Example on Grounding

John goes to work either by car (30-40 minutes),
or by bus (at least 60 minutes).

Fred goes to work either by car (20-30 minutes),
or in a car pool (40-50 minutes).

Today John left home between 7:10 and 7:20,

and Fred arrived between 8:00 and 8:10.

We also know that John arrived at work about 10-20
minutes after Fred left home.

We wish to answer queries such as:
m s the information in the story consistent?

m s it possible that John took the bus, and Fred used the carpool?

m What are the possible times at which Fred left home?
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Experiments

Example on Grounding

m Number of Lines Output

maxtime gringo | clingcon
10 626 19

100 47132 19

500 || 1137332 19
1000 || 4525082 19
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Experiments

NASA Advisor: 40 seconds realtime

clingo adsolver clingcon
Benchmark 5 5 7 11 13 5 7 11 13 ‘ 20
3-0/025 || 162.84 || 14.74 | 51.42 | 460.57 | 365.37 || 1.19 | 1.97 | 4.21 | 5.99 | 17.84
3-0/050 || 173.28 || 31.39 | 108.21 | 471.41 — || 1.26 | 232 | 6.80 | 11.85 | 27.36
3-0/100 || 175.94 || 448.90 | 188.33 — — || 1.32 | 2.35 | 10.11 | 12.04 | 38.78
3-0/125 || 165.64 | 19.78 | 60.07 | 224.60 — || 1.18 | 1.94 | 4.05 | 10.00 | 133.99
5-0/025 || 174.12 || 28.78 | 107.41 — — || 1.28 | 2.90 | 5.87 | 14.27 | 66.55

5-0/050 || 163.25 13.57 | 42.00 | 204.34 | 497.64 || 1.18 | 1.97 | 4.71 | 10.04 | 241.59
5-0/100 || 168.16 || 21.50 | 66.10 | 282.36 | 514.08 || 1.20 | 1.98 | 4.13 | 6.45| 25.32

5-0/125 || 174.38 || 32.02 | 104.32 | 429.72 — || 1.34]295| 639 | 9.70 | 81.17
8-0/025 || 177.82 || 41.57 | 140.93 = — || 1.30 | 2.73 | 11.00 | 12.69 | 222.49
8-0/050 || 167.72 18.83 | 54.76 | 215.43 — || 1.18 | 1.93 | 4.02 | 7.76 | 457.86
8-0/100 || 165.55 13.72 | 41.03 | 208.74 — | 1.21 200 | 505| 6.10| 26.17

8-0/125 | 162.29 | 16.81 | 53.40 [ 246.64 [ 519.50 || 1.20 [ 1.99 | 415 | 6.69 | 17.82
\ @[] 169.25 | 5847 | 84.83 | 378.65 | 558.06 || 1.24 [ 2.5 | 5.87 | 9.47 | 113.08

clingo standard ASP grounder and ASP solver
adsolver  ASPmCSP solver based on smodels [Mellarkod and Gelfond, '08]
clingcon  ASPmCSP solver based on clingo and gecode
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Experiments

Reason Calculation

Design Goal
Use off-the-shelf CP solvers

Problem

Off-the-shelf CP solvers do not provide reasons for conflicts
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Experiments

Reason Calculation

Design Goal
Use off-the-shelf CP solvers

Problem

Off-the-shelf CP solvers do not provide reasons for conflicts

Idea
Approximate reasons in various ways
m lazy learning versus early learning

m use constraint interdependencies or not
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Experiments

NASA Advisor: 40 seconds realtime

clingcon 11 13 20

Benchmark || (a) | (b) | () | (d) (@ | () | (o | (d) [[(d] (b) (<) [€)
3-0/025 || 12.83 | 490 | 421 | 421 | 36.71| 809 | 599 | 590 | — | 6489 | 17.84 | 18.78
3-0/050 || 49.21 | 13.25 | 6.80 | 8.42 || 219.01 | 35.38 | 11.85 | 12.41 || — | 370.71 | 27.36 | 30.46
3-0/100 || 36.44 | 9.54 | 10.11 | 530 | 34.82 | 53.96 | 12.04 | 7.16 | — — | 38.78 | 33.67
3-0/125 || 6.31 | 425 | 4.05| 4.07 | 163.47 | 21.09 | 10.00 | 852 | — | 377.06 | 133.99 | 31.46
5-0/025 || 69.36 | 15.38 | 5.87 | 10.52 | 176.81 | 23.39 | 14.27 | 15.06 | — — | 66.55 | 118.65
5-0/050 || 24.40 | 6.58 | 4.71 | 4.67 | 311.11 | 22.93 | 10.04 | 7.19 || — | 542.27 | 241.59 —
5-0/100 | 6.39 | 430 | 4.13| 411 | 7295| 6.36| 6.45| 570| — | 83.85| 2532 | 49.03
5-0/125 || 61.72 | 17.66 | 6.39 | 6.96 || 111.92 | 41.84 | 9.70 | 10.87 | — — | 8117 | 73.68
8-0/025 || 76.73 | 7.69 | 11.00 | 9.25 || 248.29 | 37.33 | 12.69 | 7.81 || — — | 222.49 —
8-0/050 | 6.33 | 4.19 | 4.02 | 4.05| 189.04 | 15.75 | 7.76 | 8.05 | — | 52.14 | 457.86 | 32.29
8-0/100 || 7.71 | 4.49 | 5.05| 4.16 || 220.12 | 11.71 | 6.10 | 594 || — | 159.37 | 26.17 | 23.72
8-0/125 || 5.11 | 431 | 4.15| 4.14| 3891|1531 | 6.69 | 7.06 | — | 69.64 | 17.82 | 18.80

@ || 30.21 | 8.05| 5.87 | 5.82 | 151.93 | 24.43 | 9.47 | 8.47 | — | 343.33 | 113.08 | 135.88

lazy learning with constraint interdependencies

early learning with constraint interdependencies;

lazy learning without constraint interdependencies

early learning without constraint interdependencies.
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Summary

Summary

m Our semantic approach relies on a propositional language rather than
a multi-sorted, first-order language.
m Our algorithmic approach integrates CP capacities into modern ASP
solvers based on conflict-driven learning and backjumping.
m We follow the lazy approach of advanced SMT solvers by abstracting
from the constraints in a specialized theory.
m We implemented our approach to constraint answer set solving within
the new solver clingcon
m extending ASP system clingo
m with the generic CP solver gecode

1= http://potassco.sourceforge.net
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